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Abstract
Theory and Techniques of Convergence for
Topological Transformation
Groups
Murtadha Sarray
In this dissertation, we present new set functions called strongly limit and strongly 
prolongation limit sets. We show the new sets, especially strongly prolongation limit sets, 
characterize proper action under an arbitrary setting. That is, we characterize proper action for 
wider class of proper ܩ-spaces. Also, we show the new version of the sets could be derived from 
strongly exceptional sets which have been used as a good technique for the characterization of a 
proper maps. Moreover, we review properties of well-known limit sets and prolongations and 
properties for the new version of limit sets under an arbitrary setting on a ܩ-space .ܺ Next, we 
give characterizations for a proper action and a locally proper action using the new set functions 
and some relevant areas where one could use these sets to describe some topological properties 
for a space  ܺor algebraic properties for a group  ܩacting on .ܺ Following the technique of limit 
sets, we present a new version of action as weaker forms of the proper action called ݓ-actions 
using convergence techniques. This approach yields new directions for the proof of some 
existing theorems which are then given as well as come counter-examples. We give some 
applications for our weaker forms and how convergence techniques could be fruitful to explain 
the relations among certain notions in the theory of ܩ-spaces. Finally, according to our weaker 
forms, we characterize the notion of enough slice that has presented by H. Biller using ݓ-Cartan 
action.
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Chapter 0
Introduction
Limit and prolongation limit sets are used in the theory of dynamical systems to
describe trajectory behaviors, especially their stability in their phase spaces [7]. It
is well known within that theory (ܴ-spaces or ܼ-spaces), briefly, as a special case
of a general theory called topological transformation groups (ܩ-space theory), so
several studies have been conducted with these kinds of set functions to describe
also properties of the general topological transformation groups.
In general, two versions of proper ܩ-spaces were discovered in the middle of
19th century. Palais in [28] introduces most of the basic concepts of ܩ-spaces
which under certain settings are taken with ܩ as a compact (Lie) group and ܺ a
completely regular topological space. On the other hand, Bourbaki [11], introduces
the concept of proper action for arbitrary topological groups and general
topological spaces. Next Palais generalizes the class of a compact group action to
wider one that is termed a proper action (or Palais proper) where ܩ is an arbitrary
Hausdorff locally compact topological group and ܺ is a completely regular space.
After Palais’ work, many studies have arisen to investigate conditions that keep
many notions no longer true in the sense of Palais such as the slice theorem, the
conjugacy theorem, the equivariant embedding theorem and others. Some
researchers have used these set functions as a technique to characterize a proper
action groups on spaces under certain conditions. A fortiori one could use them
also to investigate notions are related to proper action.
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In chapter one, we recall some basic background of topological concepts
such as the separation axioms, compactness, local compactness, nets,
connectedness, and paracompact spaces. In section two, we review many concepts
of the theory of topological groups. For instance, we review nets in a topological
group, locally compact groups and Lie groups which form the background of our
work. In the last section, we concern ourselves with some notions of ܩ-space
theory. We recall the definitions and properties of proper mapping, Bourbaki
proper action, and Palais proper action.
In chapter two, especially in section one, we recall some concepts of general
topology theory such as, for example, quasi-compact mappings, proper mappings,
and their characterizations by convergence techniques. In section two from the
same chapter, we state the definitions of the limit set and its prolongation limit set
under arbitrary settings. Also, we review properties and some counter examples. In
section three, we present the definitions of the strongly limit set and its strongly
prolongation limit set also under arbitrary settings. Moreover, we list properties of
the new version of sets and give the main result in this chapter (Theorem 2.3.3)
which is given as the following:
An action of a group ܩ on a space ܺ is proper if and only if the strongly
prolongation set is the empty.
In the last section, we first recall some interesting results for proper and locally
proper (Cartan) ܩ-spaces in the sense of Palais setting and how limit sets could be
good keys to describe the orbit space. Also, we present other results under weaker
conditions such as the relations of close points and their stabilizers and close orbits
and their kernels. Finally, we give a new proof for conjugacy neighborhood
theorem.
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In chapter three, section one, we show how convergence techniques can
describe well-known kinds of proper actions such as Bourbaki, Palais, and the
stronger one that is presented by Buam, Connes and Higson. Moreover, we also
show how the sets might be used to prove results concerning and a good technique
to gain more knowledge about the local structure of ܩ-spaces. In section two, we
review the weaker conditions of the version of Cartan ܩ-space that are introduced
by Biller in [8] and show that these conditions could be replaced by a weaker
condition (convergence condition) using set functions. Also, we give an example
that shows that our condition is weaker than Biller’s. Moreover, according to the
weaker form of Cartan (we follow Biller), we introduce three kinds actions are
called ݓ -proper actions that are increasing strength. Furthermore, we investigate
the relations and implications among the new version of the ݓ - actions. Finally, in
section three, an application for the weaker forms of ݓ -actions on a topological
group is given and we show some results from [5] that become immediately results
of our forms and their proofs become short and understandable. By ܩ-space ܺ it is
meant an arbitrary topological group ܩ acts continuously on an arbitrary
topological space ܺ. We also follow Bourbaki for term “quasi-notion” is taken by a
definition of the notion lacking Hausdorff axiom. Thus, by a quasi-compact, and a
quasi-paracompact we mean these notions without ଶܶ property. Regular and
completely regular spaces always possess the ଵܶ property.
Chapter four is divided into two sections, in the first one, we discuss the
slice notion in ܩ-space theory and give a motivation for the existence of slice
theory. We rely there on the usual definition of the twisted product to describe an
ܪ-slice. In the second section, we characterize the enough slice notion, that has
been presented by Biller [8], using the weaker form of ݓ -Cartan action for ܩ as a
locally compact group (not necessary Lie group) and ܺ as a completely regular
Introduction
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space. As a result, we give the relation between Baum-Connes-Higson proper with
our notion.
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Chapter 1
Fundamental Concepts
In this chapter we recall the basic background of topological spaces, topological
groups, and topological transformation groups that form a base for all the notions
that we shall present over next chapters.
1.1 Topological Concepts
1.1.1 Theorem. [25] Let ܺ be a topological space. Then the following are
equivalent:
1. ܺ is ଵܶ, that is, every two distinct points ݔ,ݕ in ܺ, each belong to an open set
which does not contain the other.
2. Every singleton subset {ܲ} of ܺ is closed.
3. Every singleton subset {ܲ} of ܺ is the intersection of all open sets containing
it.
1.1.2 Theorem. [11] Let ܺ be a topological space. Then the following are
equivalent:
1. ܺ is ଶܶ, that is, every pair of distinct points ݔ,ݕ ∈ ܺ belongs respectively to
disjoint open sets.
Fundamental Concepts
6
2. The intersection of the closed neighborhoods of any point of ܺ consists of
that point alone.
3. The diagonal of the product space ܺ × ܺ is a closed set.
1.1.3 Definition. [14] A topological space ܺ is completely regular if whenever ܨ is
a closed set in ܺ and ݔ∈ ܺ such that ݔ∉ ܨ, there is a continuous map :݂ ܺ →[0,1] such that (݂ݔ) = 0 and (݂ܨ) = 1.
1.1.4 Remark. In next chapter, when we mention a completely regular space ܺ we
mean in addition that it agrees with the above definition and that it is also ଵܶ, that
is
ଷܶ
భ
మ
.
1.1.5 Definition. [30] A topological space ܺ is locally compact if each point
in ܺ has a compact neighborhood.
1.1.6 Definition. [30] A topological space ܺ is called regular provided for every
closed subset ܨ of ܺ, and a point ݔ∈ ܺ with ݔ∉ ܨ there are two disjoint open
neighborhoods ܷ and ܸ with ݔ ∈ ܷ and ܨ ⊆ ܸ.
1.1.7 Remark.
1. In a ଶܶ locally compact space ܺ each point has a neighborhood whose
closure is compact, then we often shall say that points of ܺ have a compact
closure neighborhood. Over the next chapters, locally compact space is
always meant ଶܶ, otherwise we call it locally quasi-compact.
2. A ଶܶ locally compact space ܺ has a property that every point ݔ∈ ܺ there is
a collection of neighborhoods {ܷ௡} of ݔwith ഥܷ௡ାଵ ⊆ ܷ௡ where ഥܷ௡ାଵ is
compact for every positive integer n. It is also important to refer here that the
collection of neighborhoods above may not be neighborhood base for the
point ݔ.
1.1.8 Definition. [30] A set ܦ is a directed set if there is a relation ≤ on ܦ
satisfying:
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1. ߙ ≤  ߙ for each ߙ ∈ ܦ.
2. If ߙଵ ≤ ߙଶ and ߙଶ ≤ ߙଷ then ߙଵ ≤ ߙଷ.
3. If ߙ,ߚ ∈ ܦ, then there is some ߛ∈ ܦ with ߙ ≤ ߛ and ߚ ≤ ߛ.
1.1.9 Definition. [30] A net in a set ܺ is a map ݔ: ܦ → ܺ, where ܦ is a
directed set. The image ݔ(ߙ) is a usually denoted by ݔఈ and we often use the
notation {ݔఈ}ఈ∈஽ or {ݔఈ}. A subnet of a net ݔ:ܦ → ܺ is a composition ݔ߮,
where ߮ ∶ ܯ → ܦ is a map and M is a directed set such that
1. ߮(ߙଵ)  ≤  ߮(ߙଶ) whenever ଵܽ ≤ ߙଶ.
2. For each ߙ ∈ ܦ, there is ߛ∈ ܯ such that ߙ ≤  ߮(ߛ) . For ߛ∈ ܯ the image
ݔ߮(ߛ) is written as ݔఈം.
1.1.10 Definition. [30] Let {ݔఈ} be a net in a topological space ܺ. Then {ݔఈ}
converges to ݔ∈ ܺ (written ݔఈ → ݔ) provided it is eventually in every
neighborhood of ݔ. That is, for every neighborhood ܷ of ݔ there is an ߙ∘ ∈ ܦ such
that ݔఈ ∈  ܷ for each ߙ ߙ∘ . We say {ݔఈ} has a point ݔ as a cluster point
provided {ݔఈ} is frequently in every neighborhood of ݔ , i.e., for every
neighborhood ܷ of ݔ and every ߙ∘ ∈ ܦ, there is some ߙ ∈ ܦ with ߙ ߙ∘ such that
ݔఈ ∈ ܷ.
1.1.11 Theorem. [30] A net {ݔఈ} has ݕ as a cluster point if and only if has a subnet
which converges to y.
1.1.12 Theorem. [30] If ܧ ⊂  ܺ, then ݔ∈ ܧഥif and only if there is a net {ݔఈ} in ܧ
with ݔఈ → ݔ.
1.1.13 Theorem. [30] Let :݂ܺ → ܻ be a map. Then ݂ is continuous at ݔ∘ in ܺ if
and only if whenever ݔఈ →  ݔ∘ in ܺ, then ݂ (ݔఈ) → ݂ (ݔ∘) in ܻ.
1.1.14 Theorem. [30] For a topological space ܺ, the following are equivalent:
a) ܺ is called compact (≅ for every open cover of ܺ has a finite subcover).
b) Every net in ܺ has a cluster point.
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1.1.15 Remark.
1. A net {ݔఈ} in ܺ is said to have no a convergent subnet in ܺ is written as
ݔఈ →  ∞ if and only if every subnet of {ݔఈ} has no a limit point [30].
2. If ܺ is ଶܶ, then every convergent net in ܺ has a unique limit [30].
3. Over the next chapters, compact space will be always ଶܶ. Otherwise, we call
it quasi-compact.
4. From now on, a map will always mean a continuous mapping.
1.1.16 Definition. [24] Let ܺ be a topological space. A collection ࣛ of subsets of
ܺ is said to be locally finite in ܺ if every point of ܺ has a neighborhood that
intersects only finitely many elements of ࣛ .
1.1.17 Lemma. [24] Let ࣛ be a locally finite collection of subsets of ܺ. Then:
a. Any subcollection of ࣛ is locally finite.
b. The collection of the closures of the elements of ࣛ is locally finite.
c. ⋃ ܣ஺∈ࣛതതതതതതതതതത= ⋃ ̅ܣ஺∈ࣛ .
1.1.18 Definition. [24] Let ࣛ be a collection of subsets of the space ܺ. A
collection ℬ of subsets of ܺ is said to be a refinement of ࣛ (or is said to refine ࣛ )
if for each element ܤ of ℬ there is an element ܣ of ࣛ containing ܤ. If the elements
of ℬ are open sets, we call ℬ an open refinement of ࣛ ; if they are closed sets, we
call a closed refinement.
1.1.19 Definition. [24] A space ܺ is paracompact if every open covering ࣛ of ܺ
has a locally finite open refinement ℬ that covers ܺ.
1.1.20 Example. The set of real numbers ℝ with the usual topology is
paracompact. If ࣛ is an open cover of ℝ. Consider a collection of open intervals
ܱ௡ = (− ,݊ )݊, ݊ = 0, 1, 2, … where ܱ଴ = ∅. Since തܱ௡ is compact, then there is a
Fundamental Concepts
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finite number of members of ࣛ , say ܣଵ,ܣଶ, … ,ܣ௥೙ , covers തܱ௡. Put ܤ௜= ܣ௜∩
(ℝ\ തܱ௡ିଶ), and ℬ௡ = {ܤଵ,ܤଶ, … ,ܤ௡}. Then the collection ℬ =∪ ℬ௡ is locally finite
and a refinement of ࣛ .
1.2 Topological Group Concepts
1.2.1 Definition. [18] A topological group is a set ܩ with two structures:
1. ܩ is a group.
2. ܩ is a topological space.
such that the two structures are compatible; that is, the multiplication lawµ: ܩ × ܩ → ܩ and the inversion law ߥ: ܩ → ܩିଵ are both continuous.
1.2.2 Remark.
1. The two conditions in definition (1.2.1) are equivalent to the fact that the
map :߬ ܩ × ܩ → ܩ is defined by (߬ ଵ݃, ଶ݃) = ଵ݃ ଶ݃ିଵ is continuous.
2. A continuous map ௚݈: ܩ × ܩ →  ܩ defined by ݔ →  ݃ݔ is called the left
translation by ݃. This map has inverse ௚݈షభ which is also continuous.
Moreover, ௚݈ is a homeomorphism. Similarly, all right translations ݎ௚: ܩ →
ܩ are homeomorphisms.
3. A topological space ܺ which satisfies the property that for every pair of
points ݔ,ݕ ∈  ܺ, then there is a homeomorphism on ܺ sending ݔ to ݕ is
called homogeneous. Therefore, every topological group is homogeneous. A
map ௬݈௫షభ (or ݎ௫షభ௬) send a point ݔ into ݕ.
4. Every group admits a topological group structure with discreate topology.
1.2.3 Proposition. [18] Let ܩ be a topological group, and ܣ,ܤ be subsets of ܩ.
Then for ݃ ∈  ܩ we have:
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1. ܣ݃ = ܣݎ௚ = {ܽ݃: ܽ ∈ ܣ}; ܣ݃ is called the right translate of ܣ by ݃.
2. ݃ܣ = ܣ ௚݈ = {݃ :ܽ  ܽ ∈ ܣ}; ݃ܣ is called the left translate of ܣ by ݃.
3. ܣܤ = ⋃ ܣܾ௕∈஻ = ⋃ ܽܤ௔∈஺ .
4. ܣିଵ = {ܽିଵ:ܽ ∈ ܣ}.
1.2.4 Proposition. [18] Let ܩ be a topological group and ܣ,ܤ ⊂ ܩ and ݃ ∈ ܩ.
Then:
1. If ܣ is open, then ܣ݃ and ݃ܣ are open.
2. If ܣ is closed, the ܣ݃ and ݃ܣ are closed.
3. If ܣ is open, then ܣܤ and ܤܣ are open.
4. If ܣ is closed and ܤ is finite, then ܣܤ and ܤܣ are closed.
1.2.5 Remark. Let ܩ be a topological group and ℱ be a fundamental system of
neighborhoods of the identity element ݁ in ܩ. Then for every ݃ ∈ ܩ the collection
ℱ݃ = {ܷ݃: ܷℱ} is a fundamental system of open neighborhoods of ݃.
1.2.6 Proposition. [18] Let ℱ be a fundamental system of open neighborhoods of
the identity element .݁ Then
1. If ܷ,ܸ ∈ ℱ, there is ܹ ∈ ℱ such that ܹ ⊆ ܷ ∩ ܸ.
2. If ݃ ∈ ܷ ∈ ℱ, then there is ܸ ∈ ℱ such that ܸ݃ ⊆ ܷ.
3. If ܷ ∈ ℱ, ݃ ∈ ܩ, then there is ܸ ∈ ℱ such that ݃ିଵܸ݃ ⊆ ܷ.
4. If ܷ ∈ ℱ, then there is ܸ ∈ ℱ such that ܸܸିଵ ⊆ ܷ.
1.2.7 Remark. Any fundamental system of open neighborhoods of the identity
element e, say ℱ, also satisfies: ∀ܷ ∈ ℱ, ∃ܸ,ܹ ∈ ℱ such that ܸିଵ ⊆ ܷ and ܹ ଶ ⊆
ܷ.
1.2.8 Proposition. Let ܩ be a topological group. Then ܩ is regular.
Proof. Take a closed subset ܨ of ܩ and a point ݁∈ ܩ such that ݁∉ ܨ. Then there
is a basic neighborhood ܷ ∈ ℱ such that ܷܷିଵ ⊆ ܨ௖ or ܷܷିଵ ∩ ܨ = ∅. Then ܷ ∩
Fundamental Concepts
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ܨܷ = ∅. ܨܷ is a neighborhood of ܨ. By homogenous property of ܩ. Therefore, ܩ
is regular.∎
1.2.9 Proposition. A topological group ܩ is ଵܶ if and only if the set { }݁ is closed.
Proof. If { }݁ is closed then for every point ݃ ∈  ܩ, the set ݃{ }݁ = {݃} is closed.
Thus, ܩ is ଵܶ. The other side of proof is obvious.∎
1.2.10 Proposition. Let ܩ be a topological group and ܪ be a subgroup of ܩ. Then
the following properties hold:
1. ܪ is also a topological subgroup. The topology on ܪ is just the relative
topology of the topology of ܩ.
2. The left (or right) coset set ܩ ܪ⁄ = {݃ܪ :݃ ∈ ܩ} is endowed, in a natural
way, by a quotient topology induced by the canonical quotient map ݍ:ܩ →
ܩ ܪ⁄ . This topology makes the map ݍ is open and continuous and ܩ ܪ⁄ is
regular.
3. If ܪ is a normal subgroup of ܩ, then the coset space is also a topological
group.
4. The coset space ܩ ܪ⁄ is ଶܶ if and only if ܪ is a closed subgroup of ܩ.
5. If ܪ is an open subgroup, then it is also closed.
Proof. It is obvious.∎
1.2.11 Proposition. Let ܩ be a topological group and { ఈ݃} be a net in ܩ. Then the
following hold.
1. {݃ ఈ݃} (or { ఈ݃݃}) is a net in ܩ for each ݃ ∈ ܩ.
2. If ఈ݃ → ,݁ then ݃ ఈ݃ → ݃ (or ఈ݃݃ → ݃) for each ݃ ∈ ܩ.
3. If ݃ఈ → ∞, then ݃ ఈ݃ → ∞ (or ఈ݃݃ → ∞) for each ݃ ∈ ܩ.
4. If ݃ఈ → ∞, then ݃‾ ¹ → ∞.
Proof. The proof of all these statements follows from the continuity of
multiplication and inversion maps. ∎
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1.2.12 Definition. A topological group ܩ is called quasi-compact provided the
underlying topological space of ܩ is a quasi-compact, that is, for every open cover
of ܩ has a finite subcover. Moreover, ܩ is called locally quasi-compact whenever
ܩ is a locally quasi-compact as topological space and this is equivalent to that there
is a quasi-compact neighborhood of the identity element ݁of ܩ.
1.2.13 Definition. A topological group ܩ is a called connected provided the
underlying topological space ܩ is connected, that is, there are not two disjoint
clopen subsets ܷ and ܸ of ܩ separating ܩ. Moreover, ܩ is called locally connected
if each point ݃ in ܩ has a connected neighborhood. If the only connected
subspaces of ܩ are the singletons, then ܩ is called totally disconnected.
1.2.14 Components and identity components
Let ܩ be a topological group and let ܴ be a relation on ܩ is defined by for every
ݔ,ݕ ∈ ܩ: ܴݔ ݕ if and only if there is a connected subspace of ܩ containing both ݔ,
and ݕ. ܴ is an equivalence relation on ܩ. Therefore, ܴ decomposes ܩ into maximal
disjoint connected subspaces are called components. The component that contains
the identity element ݁ is called the identity component is denoted by ܩ∘. In general,
the components are closed but not open.
1.2.15 Remark.
1. The identity component ܩ∘ is a closed normal subgroup of ܩ.
2. The quotient ܩ ܩ∘⁄ is always a totally disconnected topological group.
Fundamental Concepts
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1.2.16 Some properties of quasi-compact and locally quasi-compact
group.
If ܩ is a topological group and ܪ is a subgroup of ܩ, then the following hold:
1. If ܩ is locally quasi-compact, then every quasi-compact subset ܭ of ܩ has a
quasi-compact neighborhood.
2. If ܩ is quasi-compact (or locally quasi-compact) group, and ܪ is closed,
then ܪ and ܩ ܪ⁄ are quasi-compact (locally quasi-compact).
3. If ܩ is a quasi-compact group and ܪ is closed. Then for ݃ ∈ ܩ, ݃ܪ݃ିଵ ⊆ ܪ
if and only if ݃ܪ݃ିଵ = ܪ .[12]
4. The closure ܪഥ is also a subgroup of ܩ. Moreover, if ܪ is normal then so is
ܪഥ.
5. If ܥ is a quasi-compact subset of ܩ, then ̅ܥ is quasi-compact since ̅ܥ is the
image of ܥ quotient map ܩ → ܩ { }݁തതതത⁄ . [17]
1.3 Lie Groups
In this section, we recall the concept of Lie group and some its relative
properties, and we will not go deeply in this concept. However, it forms
background for what we study in the chapter four.
1.3.1 Definition. [22] Let ܯ be a topological space and ℝ௡ be -݊dimensional
Euclidean space. A pair (ܷ,߮) consisting of an open set ܷ in ܯ and a
homeomorphism ߮ of ܷ in ܯ onto an open set in ℝ௡, is called a chart (or
coordinate neighborhood) of ܯ . When we write
߮(ݔ) = ൫߮ ଵ(ݔ),߮ଶ(ݔ), … ,߮௡(ݔ)൯, ݔ∈ ܷ,
Fundamental Concepts
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߮௜(ݔ) is called ݅ݐℎ coordinate function. If a point ݔ of ܯ lies in ܷ, then we say that(ܷ,߮) is a chart at ݔ.
A collection of charts {(ܷఈ ,߮ఈ)} is called an atlas (or system of coordinate
neighborhoods) on ܯ if {ܷఈ} forms a cover of ܯ . The atlas is smooth if each pair
of indices ߙ,ߚ with ܷఈ ∩ ఉܷ ≠ ∅, the map
߮ఉ ∙ ߮ఈ
ିଵ:߮ఈ(ܷఈ ∩ ఉܷ) → ߮ఈ(ܷఈ ∩ ఉܷ)
is smooth (that is, of the class ℂஶ ).
1.3.2 Definition. [22] Two smooth atlases {(ܷఈ ,߮ఈ)} and {( ఈܸ ,߮ఈ)} are said to
be equivalent if the union {(ܷఈ ,߮ఈ)} ∪ {( ఈܸ ,߮ఈ)} is smooth, i.e., if the map
߮ఉ ∙ ߮ఈ
ିଵ:߮ఈ(ܷఈ ∩ ఉܸ) → ߮ఈ(ܷఈ ∩ ఉܸ)
is a diffeomorphism for each pair (ߙ,ߚ) with ܷఈ ∩ ఉܸ ≠ ∅. An equivalence class
of atlases on ܯ is called a differential or smooth structure on ܯ and we denote the
equivalence class of an atlas {(ܷఈ,߮ఈ)} by [(ܷఈ ,߮ఈ)].
1.3.3 Definition. [20] A smooth manifold is a pair (ܯ , [(ܷఈ ,߮ఈ)]) where ܯ is a
Hausdorff space satisfying the second axiom of countability and [(ܷఈ ,߮ఈ)] is a
smooth structure on ܯ . We also say that (ܯ , [(ܷఈ ,߮ఈ)]) is a smooth -݊manifold
when we want to emphasize the dimension of ℝ௡.
1.3.4 Definition. [22] ܩ is a Lie group provided that:
1) ܩ is a Manifold.
2) ܩ is a group.
3) The group operation is smooth, that is, the maps ߙ:ܩ × ܩ → ܩ and ߚ:ܩ →
ܩ defined by ߙ( ,݃ ℎ) = ݃ℎ and ߚ(݃) = ݃ିଵ both smooth. Here ܩ × ܩ is
endowed with the structure of the product manifold.
1.3.5 Example. ܩ (݈ ,݊ ℂ) is one of the classic Lie groups.
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Properties of Lie groups
1.3.6 Theorem. [20] A closed subgroup ܪ of a Lie group ܩ is an embedded Lie
subgroup.
1.3.7 Theorem. [20] If ܪ is a closed subgroup of a Lie group ܩ, then there exists a
unique smooth structure on the space ܩ/ܪ such that:
1) The projection ݍ: ܩ → ܩ/ܪ is smooth.
2) The projection ݍ:ܩ → ܩ/ܪ has a smooth local cross-section.
1.3.8 Corollary. [20] If ܪ is a closed normal subgroup of a Lie group ܩ, then ܩ/ܪ
is a Lie group and the natural projection ݍ: ܩ → ܩ/ܪ is a Lie group
homomorphism.
1.3.9 Proposition. [20] Every Lie group ܩ is locally compact.
1.3.10 Proposition. [20] Every Lie group ܩ is locally connected.
1.3.11 Definition. [19] A topological group has no small subgroups (ܰܵܵ ) if there
exists a neighborhood ܷ of the identity element ݁such that the only subgroup in ܷ
is { }݁.
1.3.12 Proposition. [19] Every Lie group ܩ is ܰܵܵ .
1.3.13 Proposition. [19] Locally compact ܩ of ܰܵܵ property is a Lie group.
1.4 Topological Transformation Groups
1.4.1 Definition. [12] A topological transformation group is a triple (ܩ,ܺ,߮)
where ܩ is a topological group and ܺ is a topological space and ߮: ܩ × ܺ → ܺ is a
continuous map such that:
a. ߮ ( ଵ݃ ,߮(݃ଶ ,ݔ)) = ߮( ଵ݃ ଶ݃ ,ݔ) for every ଵ݃, ଶ݃  ∈ ܩ, ݔ∈ ܺ.
b. ߮( ,݁ݔ) = ݔ for every ݔ∈  ܺ, where ݁ the identity element of ܩ.
1.4.2 Remark.
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1. The map ߮ is called an action of ܩ on ܺ and the space ܺ together with ߮ is
called a ܩ- space (or more precisely left G- space).
2. Since ߮ is understood from the context we may use a notation ݃ݔ for
߮ ( ,݃ݔ) and ଵ݃( ଶ݃ݔ) = ( ଵ݃ ଶ݃) ݔ for ߮ ( ଵ݃,߮( ଶ݃,ݔ)) = ߮( ଵ݃ ଶ݃ ,ݔ).
3. For ܪ  ⊆ ܩ and ܣ ⊆ ܺ we write ܪܣ = {݃ܽ |݃ ܪ , ܽܣ for ߮(ܪ ,ܣ).
4. A subset ܣ ⊆ ܺ is said to be invariant under ܩ if ܩܣ = ܣ.
5. For ݃ܩ, a map ߮௚: ܺ → ܺ is defined by ߮௚(ݔ) = ߮ ( ,݃ݔ) = ݃ݔ is a
continuous. Also, ߮௚భ ߮௚మ = ߮௚భ௚మ and ߮௘ = ܫ௑ is the identity map of ܺ. A
map ߮௚ has an inverse continuous map ߮௚షభ. Therefore, for every ݃ ∈ ܩ,
the map ߮௚ is a homeomorphism of ܺ.
6. The set Γ(ܺ) = {߮௚:݃ ∈ ܩ} forms a group under maps composition, and
there is a natural group homomorphism Ψ:ܩ → Γ(ܺ) is given by ݃ → ߮௚.
Therefore, an action of a topological group ܩ on a space ܺ is determined by
a fixed homomorphism Θ from ܩ into the group of all homeomorphisms of
ܺ ܪ݋݉ ݋݁(ܺ) is given by ݃ݔ= (݂ݔ), where ݂ ∈ ܪ݋݉ ݋݁(ܺ). The kernel of
the action is exactly the kernel of the map Θ.
1.4.3 Definitions and notations.
For a ܩ-space ܺ, and ݔ∈ ܺ a subset ܩݔ= {݃ݔ:݃ ∈ ܩ} is called the ܩ-orbit
through a point ݔ. Let ܴ be a relation on ܺ is defined such that (ݔ,ݕ) ∈ ܴ if and
only if there is ݃ ∈ ܩ such that ݃ݔ= ݕ, that is, (ݔ,ݕ) ∈ ܴ if and only if both ݔ,
and ݕbelong to the same orbit. Thus, ܩ-orbits form a partition on ܺ. The set of all
ܩ-orbits is denoted by ܺ ܩ⁄ and it is called orbit space. One may endow the orbit
space with a quotient topology and a natural open quotient map ߨ:ܺ → ܺ ܩ⁄ which
sends every point ݔ into its orbit ܩݔ. For a point ݔ∈ ܺ, a subset ܩ௫ = {݃ ∈
ܩ:݃ݔ= ݔ} is a subgroup of ܩ is called the stabilizer subgroup over ݔ. A kernel of
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an action Θ on a space ܺ can be defined as ݇݁ ݎΘ = ⋂ ܩ௫௫∈௑ . An action of ܩ on a
space ܺ is called free if ܩ௫ = { }݁ for every ݔ∈ ܺ. It is called effective if ݇݁ ݎΘ ={e} while it called transitive if the orbit space ܺ ܩ⁄ is just one element.
1.4.4 Definition. [12] An equivariant map (continuous) (or a ܩ-map) of left (right)
ܩ-spaces ܺ and ܻ is a map :݂ܺ → ܻ that is preserved the action operation of ܩ,
that is, for every ݃ ∈ ܩ, and ݔ∈ ܺ, then (݂݃ݔ) = ݃ (݂ݔ). An equivariant map
which is also homeomorphism is called an equivalence.
1.4.5 Some properties of equivariant maps
1. If ܻ is a ܩ-space and ܺ is a topological space such that there is a map :݂ܺ →
ܻ with the property (݂݃ݔ) = ݃ (݂ݔ), for every ݃ ∈ ܩ, and ݔ∈ ܺ, then the
map ݂ admits an action on ܺ by ܩ is given by ݃ݔ= ݃ (݂ݔ).
2. If :݂ܺ → ܻ is an equivariant map and ݔ∈ ܺ, then (݂ܩݔ) ⊆ ܩ (݂ݔ), that is, ݂
maps an orbit in ܺ into an orbit in ܻ. Moreover, (݂ܩ௫) ⊆ ܩ௙(௫).
3. A ܩ-map ݂ is called isovariant if it is one to one on each orbit, that is,(݂ܩ௫) = ܩ௙(௫).[28]
Proper mapping and proper action
1.4.6 Definition. [30] A map :݂ܺ → ܻ of topological space ܺ and ܻ is called
closed (open) if the directed image of ݂ for every closed subset of ܺ is closed
(open) in ܻ.
1.4.7 Definition. [11] Let ݂be a mapping of a topological space ܺ into a
topological space ܻ. ݂ is said to be proper if ݂ is a continuous and the mapping
݂× ௓݅: ܺ × ܼ → ܻ× ܼ is closed, for every topological space ܼ.
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1.4.8 Proposition: [11] Let :݂ ܺ →  ܻ be a continuous injection. Then the
following three statements are equivalent:
1. ݂ is proper.
2. ݂ is closed.
3. ݂ is a homeomorphism of ܺ onto a closed subset of ܻ.
1.4.9 Theorem. [11] Let :݂ܺ → ܻ be a mapping. Then the following four
statements are equivalent:
1. ݂ is proper.
2. ݂ is closed and ݂ିଵ(ݕ) is quasi-compact for every ݕ∈ ܻ.
3. If ℱ is a filter on ܺ and if ݕ ∈  ܻ is a limit point of (݂ℱ), then there is a
cluster point ݔ of ℱ such that (݂ݔ) = ݕ.
4. If ࣯ is an ultrafilter on ܺ and if ݕ ∈ ܻ is a limit point of the ultrafilter base(݂࣯), then there is a limit point ݔ of ࣯ such that (݂ݔ) = ݕ.
1.4.10 Definition. [29] Let ܺ be a ܩ- space. A subset ܣ of ܺ is said to be thin
relative to a subset ܤ of ܺ if the closure of the set ((ܣ,ܤ)) = {݃ܩ | ݃ܣ ܤ ≠ ߮}
is quasi-compact in ܩ, and we will say that ܣ and ܤ are relatively thin. If ܣ is thin
relative to itself then it is called thin. ܺ is called Cartan if every point ݔ∈ ܺ has a
thin neighborhood.
1.4.11 Remark. If ܺ is a ܩ-space and ܣ,ܤ are subsets of ܺ. Then
1. Since (݃ܣ ܤ) = ݃(ܣ ݃ିଵܤ) it follows that if A is thin relative to B, then
B is thin relative to A .
2. Since (݃ ଵ݃ ܣ  ݃ଶܤ ) = ݃ଶ ( ଶ݃ିଵ݃ ଵ݃ܣ ܤ) it follows that if ܣ and ܤ are
relatively thin, then so are any their translates ଵ݃ܣ and ݃ଶܤ.
3. If ܣ and ܤ are relatively thin and ܭ ⊂ ܣ, ܯ ⊂ ܤ, then ܭ and ܯ are
relatively thin.
4. If ܭଵ, ܭଶ are quasi-compact subsets of ܺ. Then ((ܭଵ ,ܭଶ)) is closed in ܩ.
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5. If ܭଵ and ܭଶ are quasi-compact subsets of ܺ such that ܭଵ and ܭଶ are
relatively thin, then ((ܭଵ ,ܭଶ)) is quasi-compact.
6. If ܷ is a neighborhood of ݔ in ܺ, then ((ܷ ,ܷ)) is a neighborhood of the
identity element ݁ in ܩ. So, if ܺ is Cartan ܩ-space, then it essential that ܩ is
locally quasi-compact.
7. If ܣ, and ܤ are subsets of ܺ, then ((ܣ,ܤ))ିଵ = ((ܤ,ܣ)).
8. If ܣ, and ܤ are subsets of ܺ and ݃ ∈ ܩ, then ((ܣ,݃ܤ)) = ݃((ܣ,ܤ)) and((ܣ,݃ܤ)) = ((ܣ,ܤ))݃ିଵ.
1.4.12 Definition. (Bourbaki Proper) Let ܩ be a topological group operating
(acting) continuously on a topological space ܺ. ܩ is said to operate (act) properly
on ܺ if the mapping ߠ: (ݏ,ݔ) → (ݔ,ݏݔ) of ܩ × ܺ into ܺ × ܺ is proper.
1.4.13 Proposition. [11] If a topological group ܩ operates properly on a
topological space ܺ, then the orbit space ܺ/ܩ is ଶܶ.
1.4.14 Definition. (Palais Proper) A subset ܵof a ܩ-space ܺ is a small subset of
ܺ if each point of ܺ has a neighborhood which is thin relative to .ܵ If ܩ is a locally
compact ( ଶܶ is included) and ܺ is a completely regular, then ܩ acts properly on ܺ
provided that every point ݔ∈ ܺ has small neighborhood.
1.4.15 Remark. If ܺ is a ܩ-space, in the sense of Palais, then the following hold:
1. For each ݔ∈ ܺ, then ܩݔ, orbit of ݔ, is closed in ܺ.
2. The stabilizer subgroup ܩ௫ is compact for every ݔ∈ ܺ.
3. Palais proper is Bourbaki proper and Cartan.
Limit and Strongly Limit Sets
20
Chapter Two
Limit and Strongly Limit Sets
2.1 Basic Concepts and Convergence Techniques.
2.1.1 Definition. [11] A map :݂ܺ → ܻ of topological spaces ܺ and ܻ is called
quasi-compact if a preimage of every quasi-compact subset of ܻ is a quasi-compact
subset of ܺ.
2.1.2 Definition. Let ݔఈ be a net in a topological space ܺ. A subset ݈ܿݑ(ݔఈ) of ܺ is
the set of all limit points of subnets of the net ݔఈ . If the net ݔఈ has no convergent
subnet, that is, ݔఈ → ∞, then is clear that ݈ܿݑ(ݔఈ) = ∅.
2.1.3 Proposition. If ݔఈ is a net in space ܺ, then the set ݈ܿݑ(ݔఈ) is a closed subset
of ܺ.
Proof. Take ݖ∈ ݈ܿݑ(ݔఈ)തതതതതതതതതത, there is a net ݖఈ ∈ ݈ܿݑ(ݔఈ) and ݖఈ → ݖ. For each ߙ,
there is a net ݖఊఈ → ݖఈ . Then there is a diagonal subnet ݖఊ
ఊ of the net ݖఈ which
converges to ݖ. therefore, ݖ∈ ݈ܿݑ(ݔఈ) and ݈ܿݑ(ݔఈ) is closed.∎
2.1.4 Theorem. Let :݂ ܺ →  ܻ be a continuous mapping. Then the following are
equivalent:
(i) ݂ is proper.
(ii) If {ݔఈ} is a net in X and ݕ is a cluster point of a net (݂ݔఈ), then there is a
point ݔ in ܺ such that ݔ is a cluster point of {ݔఈ} with (݂ݔ) = ݕ.
Proof. If ݂ is proper. Take {ݔఈ}ఈ∈஽ a net in ܺ and ݕ is a point in ܻ such that(݂ݔఈ) ∝ ݕ, where the notation ∝ meant that the net (݂ݔఈ) has ݕ as cluster point.
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Put for every ߛ∈ ܦ a subset ܧఊ = {ݔఈ| ߙ ≥ ߛ}. It is easy to check that the family{ܧఈ}ఈ∈஽ satisfies the property of finite intersection. Since ݂ is closed, we have(݂ܧതఈ) = (݂ܧఈ)തതതതതതതതfor all ߙ ∈ ܦ. To show that for all ߙ ∈ ܦ, ݕ ∈ )( Ef . Let ܷ be a
neighborhood of ݕ and ߙ ∈ ܦ. Then there is ߛ∈ ܦ such that ߛ≥ ߙ and (݂ݔఊ)  ∈
ܷ. Since (݂ݔఊ) ∈  (݂ܧఈ), then (݂ܧఈ) ∩ ܷ ≠ ∅ and hence ݕ∈ )( Ef for all ߙ ∈
ܦ. For every ߙ ∈ ܦ, ܧതఈ ∩ ݂ିଵ(ݕ) is non-empty closed subset of ݂ିଵ(ݕ) which is a
quasi-compact. The family {ܧതఈ ∩ 1f (ݕ)}ఈ∈஽ satisfies the finite intersection
property, that is,  ∩ {ܧതఈ ∩ ݂ିଵ(ݕ)}  = ∩ ܧതఈ ∩ ݂ିଵ(ݕ)  ≠ ∅ . Then there is a point
ݔ∈ ܺ such that ݔ∈∩ ܧതఈ and ݔ∈ ݂ିଵ(ݕ). We claim that ݔఈ ∝  ݔ. Take ܷ to be a
neighborhood of ݔ݅݊ ܺ and ߜ ∈ ܦ. Then there is ߙ ∈ ܦ and ߙ ≥ ߜ such that ܧఈ ∩
ܷ ≠ ∅. Thus, there is ߬∈ ܦ with  ߬ ≥ ߙ and ݔఛ ∈ ܧఈ ∩ ܷ. Therefore ݔఈ ∝ ݔ and(݂ݔ) = ݕ. Conversely, if the condition (݅݅) is satisfied, then ݂ିଵ(ݕ) is quasi-
compact for all ݕ ∈ ܻ, otherwise there is a net {ݔఈ} in ݂ିଵ(ݕ) with ݔఈ → ∞ and(݂ݔఈ) →  ݕwhich is a contradiction. To show that ݂ is closed. Take a closed
subset ܨ of ܺ and ݕ ∈ (݂ܨ)തതതതതത, then there is a net {ݔఈ} in ܨ such that (݂ݔఈ) → ݕ. By
hypotheses {ݔఈ} has a cluster point, say ݔ∈ ܺ such that (݂ݔ) = ݕ. Since ܨ is
closed then ݔ∈ ܨ. Therefore, (݂ݔ) = ݕ ∈ (݂ܨ) and  ݂is proper. ■ 
Al Sarray M.J. in [1] has presented a characterization for a proper mapping
called an exceptional set for a map under the Hausdorff assumption on a codomain
space ܻ.
2.1.5 Definition. [1] (Exceptional Set): Let :݂ ܺ →  ܻ be a map. We define the
set:
ܧ௙ = {ݕܻ: ∃ a net {ݔఈ } in ܺ with ݔఈ →  ∞ and ݂ (ݔఈ) →  ݕ}.
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We call ܧ௙ the exceptional set of .݂
2.1.6 Definition. [2] (Strongly Exceptional Set): Let :݂ ܺ →  ܻ be a map. We
define the set:
ܵܧ௙ = {ݕܻ: ∃ a net {ݔఈ} in ܺ with (݂ݔఈ) → ݕand ݈ܿݏ(ݔఈ) ∩ ݂ିଵ(ݕ) = ∅}
We call ܵܧ௙ the strongly exceptional set of .݂
2.1.7 Remark. In general, ܧ௙ ⊆ ܵܧ௙, with equality demonstrated in the following
proposition.
2.1.8 Proposition. Let :݂ܺ → ܻ be a continuous map and ܻ is ଶܶ. Then ܧ௙ = ܵܧ௙.
Proof. It suffices to show that ܵܧ௙ ⊆ ܧ௙. Take ݖ∈ ܵܧ௙, then there is a net ݔఈ in ܺ
such that (݂ݔఈ) → ݖand ݈ܿݑ(ݔఈ) ∩ ݂ିଵ(ݖ) = ∅. Suppose that there is ݔ∈
݈ܿݑ(ݔఈ). Then there is a subnet ݔఈഁ of ݔఈ such that ݔఈഁ → ݔ. By continuity of ,݂
we have (݂ݔఈഁ) → (݂ݔ) and by ଶܶ property, we have (݂ݔ) = ݖ. Thus, we have
ݔ∈ ݂ିଵ(ݖ) which is a contradiction. Therefore, ݈ܿݑ(ݔఈ) = ∅ and ݔఈ → ∞.∎
2.1.9 Proposition. Let :݂ܺ → ܻ be a map of topological spaces. Then the set ܧ௙ is
a closed subset of ܻ.
Proof. Let ݕ∈ ܧത௙. Then there is a net {ݕఈ}ఈ∈ெ ∈ ܧ௙ such that ݕఈ → ݕ. For every
ߙ ∈ ܯ , there is a net {ݔఉఈ}ఉ∈ெ ഀ in ܺ with ݔఉఈ → ∞ and (݂ݔఉఈ) → ݕఈ. Thus, there is
a diagonal net ݔఉഀ
ఈ in ܺ with ݔఉഀ
ఈ → ∞ and (݂ݔఉഀఈ ) → ݕ. Therefore ݕ ∈ ܧ௙ and ܧ௙ is
closed.∎
2.1.10 Remark. In general, ܵܧ௙ is not closed. For example, let ܺ = { }ܽ and ܻ ={1,2} with the indiscrete topology and let :݂ܺ → ܻ be defined by ܽ → 1. Then,
ܧ௙ = ∅ and ܵܧ௙ = {2} which is not closed in ܻ.
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2.1.11 Theorem. [1] Let ܻ be Hausdorff. Then a continuous mapping :݂ܺ → ܻ of
ܺ and ܻ is proper if and only if ܧ௙ = ∅.
Proof. If ݂ is proper, by the Bourbaki Theorem, it is easy to show that ܧ௙ = ∅.
Conversely, assume that ܻ is Hausdorff and the set ܧ௙ = ∅. Take ݕ ∈.ܻ Since ܻ ݅ݏ ଶܶ,݂ିଵ(ݕ) is closed subset of ܺ. Suppose that ݂ିଵ(ݕ) is not quasi-
compact. Then there is a net ݔఈ → ∞ in ݂ିଵ(ݕ) and hence in ܺ. So, we have(݂ݔఈ) = ݕ → ݕwhich implies that ݕ∈ ܧ௙, which is a contradiction. To show that
the map ݂ is closed. Take ܨ is a closed subset of ܺ, and ݕ ∈ (݂ܨ)തതതതതത. Then there is a
net ݔఈ ݅݊ ܨ such that (݂ݔఈ) ∈ (݂ܨ) and (݂ݔఈ) → ݕ. Since ܧ௙ = ∅, the net ݔఈ
must have a subnet ݔఈഁ converges to a point in ܺ, say ݔ. Since ܨ is closed, ݔ is
also in ܨ. So, by continuity of ,݂ (݂ݔఈഁ )→ (݂ݔ). Since ܻ is ଶܶ, (݂ݔ) = ݕ ∈ (݂ܨ).
Therefore, (݂ܨ) is closed and ݂ is a closed map. ■
2.1.12 Remark. The ଶܶ condition in first direction of the above theorem is not
necessarily, however if ܻ is not ଶܶ, the second direction is not true. See the
example in the remark (21.10), it is obvious that every mapping from ܺ into ܻ is
not proper, since it is not closed. Since ܺ is compact, then ܧ௙ = ∅.
2.1.13 Proposition. Every proper map is a quasi-compact map.
Proof. Let :݂ܺ → ܻ be a continuous map. Assume that ݂ is proper. Take a quasi-
compact subset ܭ of ܻ. Suppose that ݂ିଵ(ܭ) is not quasi-compact, then there is a
net ݔఈ in ݂ିଵ(ܭ) such that ݔఈ → ∞. Then a net (݂ݔఈ) ∈ ܭ has convergent subnet,
say itself. So, (݂ݔఈ) → ݇ ∈ ܭ. Since ܧ௙ = ∅, this implies that the net ݔఈ must
have a convergent subnet which is a contradiction.∎
2.1.14 Theorem. [2] A continuous map :݂ ܺ → ܻ is proper if and only if ܵܧ௙ = ∅.
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Proof. Assume that ܵܧ௙ = ∅. To prove ݂ is closed and quasi compact, if ܨ is a
closed subset of ܺ and ݕ ∈ (݂ܨ)തതതതതത, then there is a net (݂ݔఈ) in (݂ܨ) converging to
ݕ. ܵܧ௙ = ∅ implies ݂ିଵ(ݕ) ∩ ݈ܿݑ(ݔఈ) ≠ ∅. Then there is a point ݔ∈ ݂ିଵ(ݕ) ∩
݈ܿݑ(ݔఈ) and hence there is a subnet ݔఈఉ of ݔఈ such that ݔఈఉ → ݔ∈ ܨ. Since ܨ is
closed, and (݂ݔ) = ݕ ∈ (݂ܨ). Therefore, (݂ܨ) is closed. Now, if ܭ is a quasi-
compact subset of ܻ and ݔఈ is a net in ݂ିଵ(ܭ), then there is a point ݕ ∈ ܭ such
that (݂ݔఈ) → ݕ. ܵܧ௙ = ∅ implies that there is a point ݔ∈ ݂ିଵ(ݕ) ∩ ݈ܿݑ(ݔఈ) ≠ ∅.
Thus, there is a subnet ݔఈఉ of ݔఈ such that ݔఈఉ → ݔ∈  ݂ିଵ(ݕ) ⊆  ݂ିଵ(ܭ).
Therefore, ݂ିଵ(ܭ) is quasi compact. Conversely, assume that ݂ is closed and
݂ିଵ(ݕ) is quasi compact for every ݕ ∈ ܻ. Suppose that there is a point ݕ ∈ ܵܧ௙.
Then, there is a net ݔఈ ∈ ܺ such that (݂ݔఈ) → ݕ and ݂ିଵ(ݕ) does not meet
݈ܿݑ(ݔఈ). Since ݂ is closed, then ݂ିଵ(ݕ) ≠ ∅ and a quasi-compact then for every
point ݖ∈ ݂ିଵ(ݕ) there is an open set ܷ௭ containing ݖand there is ߙ௭ such that
ݔఈ ∉ ܷ௭ for each ߙ > ߙ௭. The collection {ܷ௭}௭∈௙షభ(௬) forms an open cover to
݂ିଵ(ݕ), which is quasi compact, there is a finite subcover {ܷ௭భ,ܷ௭మ,ܷ௭య, … ,ܷ௭೙ }
and an index ߜ such that ݔߙ ∉  ܷ = ⋃ ܷ௭೔௡௜ୀଵ for each ߙ > ߜ. Put ܸ =
ܻ \ ݂ (ܺ \ܷ). ݂ is closed, and ܸ is open containing ݕ. However, (݂ݔఈ)  ∉ ܸ for
each ߙ > ߜwhich contradicts that (݂ݔ஑) converges to ݕ. Therefore ܵܧ௙ = ∅. ∎ 
2.2 Exceptional Sets in -space Theory
Recall that if ܺ is ܩ-space, we say ܩ acts properly (Bourbaki proper) on ܺ if the
map ߠ:ܩ × ܺ → ܺ × ܺ is given by ( ,݃ݔ) → (ݔ,݃ݔ) is a proper mapping. So, if ߠ
is proper, then the set ܧఏ = ∅. Let us verify the definition of ܧఏ in ܩ-space
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notations in more explicitly. By the definition of exceptional set ܧఏ, it equals the
set:{(ݔ,ݕ) ∈ ܺ × ܺ: ∃ ܽ݊ ݁ݐ(ݔఈ , ఈ݃) → ∞ ݅݊ ܩ × ܺ ݏݑ ℎܿ ݐℎܽݐ(ݔఈ , ఈ݃ݔఈ) → (ݔ,ݕ)}.
Since the net (ݔఈ ,݃ఈݔఈ) → (ݔ,ݕ), then ݔఈ → ݔand ఈ݃ݔఈ → ݕ. Also, (ݔఈ ,݃ఈ) →
∞ implies to ݃ఈ → ∞. We can rewrite the above set as following:{(ݔ,ݕ) ∈ ܺ × ܺ: ∃ a net ݔఈ → ݔ in ܺ ∧  a net ఈ݃ → ∞ in ܩ such that ఈ݃ݔఈ → ݕ}.
Since the point ݔ, the first coordinate of the above set, is determined by a net
converges to it. We may put ܧఏ = ߉(ݔ) if ݔఈ = ݔ or, in general, ܧఏ = ܬ(ݔ) if
ݔఈ ≠ ݔ. That means the sets ߉(ݔ) and ܬ(ݔ) reflect the properties of the set ܧఏ.
2.2.1 Definition. Let ܺ be a ܩ-space and ݔ∈ ܺ. We define the limit set and its
prolongation associated with the point ݔ as following:
ܬ(ݔ) = {ݕܺ: there is a net {ݔఈ} in ܺ and a net { ఈ݃} in ܩ with ݔఈ →
ݔand ఈ݃  →  ∞ ݏuch that ఈ݃ݔఈ →  ݕ}.
߉(ݔ) = {ݕܺ: ݐhere is a net { ఈ݃} in ܩ with ఈ݃  →  ∞ and ఈ݃ݔ→ ݕ}.
2.2.2 Proposition. Let ܺ be a ܩ-space and ݔ∈ ܺ. Then,
( )݅ For every ݔ in ܺ, ߉(ݔ), ܬ(ݔ) are invariant sets under ܩ.
(݅݅) If an orbit ܩݔ is closed, then ߉(ݔ) ⊆ ܩݔ.
(݅݅ )݅ For every ݔ in ܺ, ߉(ݔ), ܬ(ݔ) are closed.
( ݅ݒ) ܩݔ⊇  ܩݔ ∪  ߉(ݔ).
(ݒ) ݕ∈  ܬ(ݔ) if and only if ݔ∈  ܬ(ݕ).
(݅ݒ ) If X is the discrete G- space, then ߉(ݔ) = ܬ(ݔ) for all ݔ in X.
(݅ݒ )݅ If ݔ∈  ܬ(ݔ), then for each ݕ ∈  ܩݔ,ݕ∈  ܬ(ݔ).
(݅ݒ ݅݅) If ݕ ∈ ܬ(ݔ), then for each ݖ ∈  ܩݔ, ݕ ∈  ܬ(ݖ).
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( ݅ݔ) For every ݃ ∈ ܩ ܽ݊݀ݔ∈  ܺ, ݃߉(ݔ) = ߉(݃ݔ)= ߉(ݔ) and
݃ ܬ(ݔ) = ܬ(݃ݔ) = ܬ(ݔ).
Proof. For ,݅ let ݕ ∈ ߉(ݔ) and ݃Îܩ. Then there is a net { ఈ݃} in ܩ with ఈ݃ → ∞
and ఈ݃ݔ→ ݕ. It is clear that {݃ ఈ݃} is a net in ܩ with ݃݃ఈ → ∞, and by continuity
of the action (݃݃ఈ)ݔ→ ݃ݕwhich implies that ݃ݕ ∈ ߉(ݔ) and hence ߉(ݔ) is
invariant. The proof for ܬ(ݔ) is similar. For ݅݅, let ܩݔ is a closed subset of ܺ and
ݕ ∈ ߉(ݔ). There is a net ఈ݃ → ∞ in ܩ and ݃ఈݔ→ ݕ. Since ܩݔ is closed and
ఈ݃ݔ∈ ܩݔ, then ݕ ∈ ܩݔ. For ݅݅ .݅ See proposition (2.1.11). For ݅ݒ, the proof is
obvious. For ݒ, let ݕ ∈  ܬ(ݔ). Then there is a net { ఈ݃} in ܩ with ఈ݃ → ∞ and there
is a net {ݔఈ} in X with ݔఈ →  ݔ such that ఈ݃ݔఈ →  ݕ. Put ݕఈ = ఈ݃ݔఈ → ݕ, then it
is clear that ఈ݃ିଵ → ∞. We have ఈ݃ିଵݕఈ = ఈ݃ିଵ(݃ఈݔఈ) = ݔఈ →  ݔ. Thus ݔ∈  ܬ(ݕ).
For ݅ݒ , ݅ݒ ,݅ ݅ݒ ݅݅ proofs are obvious. For ݅ݔ, let ݕ ∈ ݃߉(ݔ), and let ݕ= ݃ݖfor some
ݖ∈ ߉(ݔ). Then there is a net ఈ݃ → ∞ such that ఈ݃ݔ→ ݖ. By continuity of the
action, we have ݃ ఈ݃ݔ→ ݃ݖand since ݃ ఈ݃ → ∞, we have ݕ= ݃ݖ∈ ߉(ݔ). If ݕ ∈
߉(ݔ), then ݃ିଵݕ ∈ ߉(ݔ) for every ݃ ∈ ܩ and thus ݃(݃ିଵݕ) ∈ ݃߉(ݔ). Therefore,
݃߉(ݔ) = ߉(ݔ) for every ݃ ∈ ܩ. Now, take ݕ ∈ ߉(ݔ), then there is a net ఈ݃ → ∞
such that ఈ݃ݔ→ ݕ. Since ݃ఈ(݃ିଵ݃)ݔ→ ݕ and ఈ݃݃ିଵ → ∞. Thus, ݕ ∈ ߉(݃ݔ). If
ݕ ∈ ߉(݃ݔ) for some ݃ ∈ ܩ, then there is a net ఈ݃ → ∞ such that ఈ݃(݃ݔ) → ݕ.
ఈ݃݃ → ∞ implies to ݕ ∈ ߉(ݔ). Therefore, ߉(ݔ) = ߉(݃ݔ) for every ݃ ∈ ܩ. Proofs
for part for ܬ(ݔ) proofs are similar. For ݅ݔ, the proof is obvious.∎
2.2.3 Remark. The second side in ݅݅, and the quality in ݅ݒ is not necessary. For
example, if ܩ = {−1,1} with the discrete topology acts on the plane with the
indiscrete topology. It is obvious that for every ݔ in ܺ, ߉(ݔ) = ∅ ⊂ ܩݔ= {ݔ, −ݔ}
and ܩݔ is not closed subset of ܺ. Moreover, ̅ܩ௫ = ܺ. However, if ܺ is ଶܶ the
second side in ݅݅ and the quality in ݅ݒ hold.
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In this stage, we present some results that could be characterized by the above
sets.
2.2.4 Theorem. [3] Let ܺ be a ଶܶ space, and ܩ acts continuously on ܺ. The action
is Bourbaki proper if and only if the ܬ(ݔ) = ∅ for every ݔ∈ ܺ.
2.2.5 Remark. It is suitable in this place to be referred that for ݔ∈ ܺ, the set
ߠିଵ(ݔ,ݔ) = {( ,݃ݕ) ∈ ܩ × ܺ: ߠ( ,݃ݕ) = (ݕ,݃ݕ) = (ݔ,ݔ)} = {݃ ∈ ܩ:݃ݔ= ݔ} =
ܩ௫ × {ݔ}.That is an action ܩ on a space ܺ is Bourbaki proper if and only if all
stabilizers ܩ௫ are quasi-compact and the map ߠ:ܩ × ܺ → ܺ × ܺ, ( ,݃ݔ) → (ݔ,݃ݔ)
is closed.
2.2.6 Corollary. The condition ݔ∉ ܬ(ݔ) (without ଶܶ) implies to ߠିଵ(ݔ,ݔ) be
quasi-compact.
2.2.7 Remark. The converse of the above corollary is not true. For example, an
action on ℝଶ\{0} by the discrete topological group ܩ = ℝ, the group of the real
numbers, is given by ݐ(ݔ,ݕ) = (ݔ݁௧,ݕ݁௧). In such ܩ-space we have for every
point ݖ= (ݔ,ݕ) in the plane ߠିଵ(ݖ,ݖ) = {0} × {ݖ} which is quasi-compact.
However, (ݔ,ݕ) ∈ ܬ((ݔ,ݕ)). Take ݐ௡ = ଵ௡, then for every (ݔ,ݕ) in the plane we
have ݐ௡(ݔ,ݕ) → (ݔ,ݕ).
2.2.8 Corollary. If ݕ= ݃ݔ for some ݃ ∈ ܩ, The condition ݔ∉ ܬ(ݔ) (without ଶܶ)
implies to ߠିଵ(ݔ,ݕ) is quasi-compact.∎
Proof. It is obvious and comes from property ݅ݒ .݅∎
2.2.9 Proposition. If the orbit space ܺ ܩ⁄ is ଶܶ, then for every pair of points ݔ,ݕ∈
ܺ such that ݔ෤≠ ݕ෤, and ݕ ∉ ܬ(ݔ). Moreover, if ܺ is ଶܶ, the converse is also true.
Proof. Assume that the orbit space ܺ ܩ⁄ is ଶܶ and ݔ,ݕ ∈ ܺ such that they satisfy as
above. To show that ݕ∉ ܬ(ݔ). Suppose that ݕ∈ ܬ(ݔ), then these a net ఈ݃ → ∞ in
ܩ and a net ݔఈ → ݔ in ܺ such that ఈ݃ݔఈ → ݕ. Take ܷ௫ a neighborhood of ݔ and ௬ܸ
a neighborhood of ݕ. There is a ߜ ∈ ܦ, such that ݔఈ ∈ ܷ௫ and ݃ఈݔఈ ∈
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௬ܸ for every ߙ ≥ ߜ. That is ఈ݃ ∈ ((ܷ௫, ௬ܸ)) for every ߙ ≥ ߜ, this implies to ෩ܷ௫ ∩
෨ܸ
௬ ≠ ∅. Since ܷ௫ ܽ݊ ݀ ௬ܸ are arbitrary neighborhoods of ݔ and ݕ, we have that the
orbit space is not ଶܶ which is a contradiction. Therefore,ݕ∉ ܬ(ݔ). Now assume
that ܺ is ଶܶ, and every pair of points ݔ,ݕ ∈ ܺ ݓ ݅ݐℎ ݕ ≠ ݃ݔ for every ݃ ∈ ܩ.
Suppose that the orbit space is not ଶܶ.Then is a pair of points ݔ෤≠ ݕ෤of ܺ ܩ⁄ such
that there are not disjoint open sets in ܺ ܩ⁄ separate them. So, every pair of
neighborhoods ܰ௫ ܽ݊ ݀ ܰ௬ of ݔ∈ ݔ෤ܽ݊ ݀ݕ∈ ݕ෤, then ഥܰ௫ ∩ ഥܰ௬ ≠ ∅. We can
construct a net ݔ෤ఈ in ܺ ܩ⁄ such that for everyߙ ∈ ܦ ,ݔ෤ఈ ∈ ෩ܰ௫ ∩ ෩ܰ௬. Moreover,
ݔ෤ఈ → ̅ݔand ݔ෤ఈ → ݕ෤. Then we find nets ݖఈ ∈ ݔ෤ఈ and ఈ݃ݖఈ ∈ ݔ෤ఈ ݏݑ ℎܿ ݐℎܽݐݖఈ →
ݖ∈ ݔ෤and ఈ݃ݖఈ → ݓ ∈ ݕ෤. Since ݕ∉ ܬ(ݔ), then ݓ ∉ ܬ(ݖ). So ఈ݃ →
݃ for some ݃ ∈ ܩ. The continuity of the action implies to ݃ఈݖఈ → ݃ݖܽ݊݀ݓ . By
ଶܶ of ܺ then we have ݃ݖ= ݓ which contradicts ̃ݖ= ݔ෤≠ ݕ෤= ݓ෥.Therefore ܺ ܩ⁄
is ଶܶ.■ 
2.2.10 Remark. If ܺ is not ଶܶ, the converse is not true in general (see the example
in the remark (2.2.3)).
2.2.11 Proposition. [3] For a ܩ-space ܺ and a point ݔ∈ ܺ, ݔ∉ ߉(ݔ) implies to
the stabilizer subgroup ܩ௫ of ܩ is quasi-compact.
2.2.12 Remark. In general, if the stabilizer of a point ݔ is quasi-compact, then it is
not necessarily that ݔ∉ ߉(ݔ), see the example in the remark (2.2.7).
2.2.13 Proposition. [3] If ܩ is non-compact, then ݔ∉ ߉(ݔ) implies to that ݔ is not
periodic point [≅  ܩ௫ܭ ≠ ܩ for every compact subset ܭ of ܩ].
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2.3 Strongly Exceptional Sets in -space
Let ܺ be a ܩ-space and let ܩ act on ܺ properly. Then, the map ߠ:ܩ × ܺ →
ܺ × ܺ such that ( ,݃ݔ) → (ݔ,݃ݔ) is proper in the sense of Bourbaki. So, ߠ is
proper if and only if the set ܵܧఏ = ∅. Again, let us verify the definition of ܵܧఏ in
ܩ-spaces notations. By the definition of the strongly exceptional set ܵܧఏ, it equals
to the set: {(ݔ,ݕ) ∈ ܺ × ܺ: ∃ ܽ݊ ݁ݐ( ఈ݃ ,ݔఈ) ݅݊ ܩ × ܺ ݏݑ ℎܿ ݐℎܽݐ(ݔఈ , ఈ݃ݔఈ) →(ݔ,ݕ) ܽ݊ ݀ ݈ܿݑ(( ఈ݃ ,ݔఈ)) ∩ ߠିଵ(ݔ,ݕ) = ∅}. Since the net (ݔఈ ,݃ఈݔఈ) →(ݔ,ݕ),ݐℎ݁݊ ݔఈ → ݔܽ݊݀݃ఈݔఈ → ݕ. Also, ݈ܿݑ(( ఈ݃ ,ݔఈ)) ∩ ߠିଵ(ݔ,ݕ) = ∅ implies
to either ݈ܿݑ(݃ఈ) ∩ (({ݔ}, {ݕ})) = ∅ or ݈ܿݑ(ݔఈ) ∩ {ݔ} = ∅. Since ݔఈ → ݔ, we can
rewrite the above set as following:{(ݔ,ݕ) ∈ ܺ × ܺ: ∃ a net ݔఈ → ݔ in ܺ ∧  a net ఈ݃ in ܩ such that ఈ݃ݔఈ → ݕ ∧
݈ܿݑ(݃ఈ) ∩ (({ݔ}, {ݕ})) = ∅}. Since the point ݔ, the first coordinate of the above
set, is determined by a net converges to it. We may put ܵܧఏ = ߉ௌ(ݔ) if ݔఈ = ݔ or,
in general, ܵܧఏ = ܬௌ(ݔ) if ݔఈ ≠ ݔ. That means the sets ߉ௌ(ݔ) and ܬௌ(ݔ) reflect the
properties the set ܵܧఏ.
2.3.1 Remark. It is obvious that for every ݔ∈ ܺ then ߉(x) ⊆ ߉ௌ(ݔ) and ܬ(ݔ) ⊆
ܬௌ(ݔ) and if ܺ is ଶܶ, then we have ߉(x) = ߉ௌ(ݔ) and ܬ(ݔ) = ܬௌ(ݔ).
We give some properties for these sets in an arbitrary ܩ-space ܺ.
2.3.2 Proposition. Let ܺ be a ܩ-space and ݔ∈ ܺ. Then
1. ܬௌ(ݔ),߉ௌ(ݔ) are invariant.
2. ܩݔതതതത = ܩݔ∪ ߉ௌ(ݔ).
3. ܩݔ is closed if and only if ߉ௌ(ݔ) ⊆ ܩݔ.
4. If ݕ ∈ ܬௌ(ݔ) then ݔ∈ ܬௌ(ݕ).
5. For every ݃ ∈ ܩ, then ݃߉ௌ(ݔ) = ߉ௌ(݃ݔ) = ߉ௌ(ݔ).
6. For every ݃ ∈ ܩ, then ݃ܬௌ(ݔ) = ܬௌ(݃ݔ) = ܬௌ(ݔ).
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7. If ݕ ∈ ܬௌ(ݔ) then ݕ∈ ܬௌ(ݖ) for every ݖ∈ ܩݔ.
8. If ݕ ∈ ܬௌ(ݔ) then ݖ∈ ܬௌ(ݔ) for every ݖ∈ ܩݕ.
Proof. For 1, we shall show proof for the set ܬௌ(ݔ) and the proof for ߉ௌ(ݔ) is
similar. For invariance of ܬௌ(ݔ), take ݃ ∈ ܩ and ݕ∈ ܬௌ(ݔ). Then there is a net
ݔఈ → ݔ in ܺ and a net ఈ݃ in ܩ such that ఈ݃ݔఈ → ݕ and ݈ܿݑ( ఈ݃) ∩ (({ݔ}, {ݕ})) =
∅. Since ݃ ఈ݃ݔఈ → ݃ݕ and ݃ ఈ݃ is a net in ܩ, then it suffices to show that
݈ܿݑ(݃ ఈ݃) ∩ (({ݔ}, {݃ݕ})) = ∅. Suppose that there is a point ଵ݃ ∈ ݈ܿݑ(݃ ఈ݃) ∩(({ݔ}, {݃ݕ})), then there is a subnet ݃ ఈ݃ഁ of the net ݃ ఈ݃ in ܩ such that ݃ ఈ݃ഁ → ଵ݃
and ଵ݃ݔ= ݃ݕ. Then we have ݃ఈഁ → ݃ିଵ ଵ݃ and ݃ିଵ ଵ݃ݔ= ݕ. Thus ݃ିଵ ଵ݃ ∈
݈ܿݑ(݃ఈഁ) ∩ (({ݔ}, {ݕ})) ⊆ ݈ܿ ( ఈ݃) ∩ (({ݔ}, {ݕ})) = ∅ which is a contradiction.
Therefore, ݈ܿݑ(݃ ఈ݃) ∩ (({ݔ}, {݃ݕ})) = ∅ and ݃ݕ∈ ܬௌ(x). For 2, it is obvious that
ܩݔ∪ ߉ௌ(ݔ) ⊆ ܩݔതതതത. Conversely, take ݕ ∈ ܩݔതതതത. Then there is a net ݕఈ = ఈ݃ݔ∈ ܩݔ
and ఈ݃ݔ→ ݕ. Either ݃ఈ → ∞, then ݕ ∈ ߉(ݔ) ⊆ ߉ௌ(ݔ) or ఈ݃ has a cluster point ଵ݃,
then if ଵ݃ݔ= ݕ ∈ ܩݔand we are done. Otherwise, ݈ܿݑ( ఈ݃) ∩ (({ݔ}, {ݕ})) = ∅.
Thus, ݕ ∈ ߉ௌ(ݔ). For 3, if ܩݔ is closed, then ܩݔതതതത= ܩݔ. By 2, we have ߉ௌ(ݔ) ⊆ ܩݔ.
On the other hand, if ߉ௌ(ݔ) ⊆ ܩݔ, then also by 2, ܩݔതതതത = ܩݔ∪ ߉ௌ(ݔ) = ܩݔ.
Therefore, ܩݔ is closed. For 4, if ݕ ∈ ܬௌ(ݔ), there is a net ݔఈ → ݔ in ܺ and a net ఈ݃
in ܩ such that ఈ݃ݔఈ → ݕ and ݈ܿݑ(݃ఈ) ∩ (({ݔ}, {ݕ})) = ∅. Put ݕఈ = ఈ݃ݔఈ. Then
ݕఈ → ݕ is a net in ܺ and ఈ݃ିଵis a net in ܩ such that ݃ఈିଵݕఈ → ݔ. It suffices to show
that ݈ܿݑ( ఈ݃ିଵ) ∩ (({ݕ}, {ݔ})) = ∅. Suppose that there is ݃ ∈ ݈ܿݑ( ఈ݃ିଵ) ∩(({ݕ}, {ݔ})). Then there is a subnet ఈ݃ഁିଵ of ఈ݃ିଵ with ݃ఈഁିଵ → ݃ and ݃ݕ = ݔ. Thus,
ఈ݃ഁ → ݃
ିଵ and ݃ିଵݔ= ݕ. By continuity of the action, we have ఈ݃ഁݔఈ → ݃ିଵݔ=
ݕ. Thus, ݃ିଵ ∈ ݈ܿݑ( ఈ݃ഁ) ∩ (({ݔ}, {ݕ})) ⊆ ݈ܿݑ( ఈ݃) ∩ (({ݔ}, {ݕ})) = ∅ which is a
contradiction. Therefore, ݈ܿݑ( ఈ݃ିଵ) ∩ (({ݕ}, {ݔ})) = ∅ and ݔ∈ ܬௌ(ݕ). The proofs
for 7, and 8 come immediately from the property in 1, and the proof in 5 is a
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special case in 6. For 6, let ݖ∈ ݃ܬௌ(ݔ), and let ݖ= ݃ݕ for some ݕ∈ ܬௌ(ݔ). Then
there is a net ݔఈ → ݔ in ܺ and a net ఈ݃ in ܩ such that ఈ݃ݔఈ → ݕ and ݈ܿݑ(݃ఈ) ∩(({ݔ}, {ݕ})) = ∅. Consider a net ఈ݃݃ିଵ in ܩ. It is obvious that ( ఈ݃݃ିଵ)݃ݔఈ → ݕ
and ݃ݔఈ → ݃ݔ. We want to show that ݈ܿݑ( ఈ݃݃ିଵ) ∩ (({݃ݔ}, {ݕ})) = ∅. Suppose
there is ଵ݃ ∈ ݈ܿݑ( ఈ݃݃ିଵ) ∩ (({݃ݔ}, {ݕ})). Then there is a subnet ݃ఈഁ݃ିଵ of
ఈ݃݃
ିଵ with ݃ఈഁ݃
ିଵ → ଵ݃ and ଵ݃݃ݔ= ݕ. We have ݃ఈഁ → ଵ݃݃, and then
ఈ݃ഁݔఈ → ଵ݃݃ݔ= ݕ. Thus, ଵ݃݃ ∈ ݈ܿݑ( ఈ݃ഁ) ∩ (({ݔ}. {ݕ})) ⊆ ݈ܿݑ( ఈ݃) ∩(({ݔ}, {ݕ})) = ∅. Which is a contradiction. Therefore, ݕ ∈ ܬௌ(݃ݔ) and by 1, ݃ݕ =
ݖ∈ ܬௌ(݃ݔ). By 1, it is obvious that ܬௌ(݃ݔ) = ܬௌ(ݔ). We shall show that ܬௌ(ݔ) ⊆
݃ܬௌ(ݔ). Take ݖ∈ ܬௌ(ݔ). Then ݃ିଵݖ∈ ܬௌ(ݔ) and again ݖ= ݃݃ିଵݖ∈ ݃ܬௌ(ݔ).∎
2.3.3 Theorem. [ Main Theorem] Let ܺ be a ܩ-space. Then ܩ acts properly on ܺ if
and only if for every point ݔ∈ ܺ, the set ܬௌ(ݔ) = ∅.
Proof. The proof comes immediately from the theorem (2.1.14) and from the fact
that ܬ௦(ݔ) = ܵܧఏ.∎
2.3.4 Remark. As result that Bourbaki proper implies that the orbit spaces are ଶܶ.
2.3.5 Corollary. Let ܺ be a ܩ-space. If ܬௌ(ݔ) = ∅ for every ݔ∈ ܺ, then the orbit
space ܺ ܩ⁄ is Hausdorff.
Proof. Let ݔ෤,ݕ෤be two distinct points in ܺ ܩ⁄ . Suppose that every pair of open
neighborhoods ܷ௫̅, ௬ܸത of ݔ෤,ݕ෤respectively do not separate them. Then we may
construct a net from those intersections for every pair. That is, there is a net ݔ෤ఈ ∈
ܷఈ ∩ ఈܸ ≠ ∅ such that ݔ෤ఈ converges to both ݔ෤,ݕ෤. Put ݔఈଵ ∈ ߨିଵ(ݔ෤ఈ) and ݔఈଶ ∈
ߨିଵ(ݔ෤ఈ) such that ݔఈଵ → ݔ∈ ߨିଵ(ݔ෤) and ݔఈଶ → ݕ ∈ ߨିଵ(ݕ෤) and ݃ఈݔఈଵ = ݔఈଶ. Since
ܬௌ(ݔ) = ∅, then ݈ܿݑ( ఈ݃) ∩ ൫({ݔ}, {ݕ})൯≠ ∅ which contradicts that ݔ෤≠ ݕ෤.
Therefore ܺ ܩ⁄ is Hausdorff. ∎
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2.4 Limit Sets and Proper actions
In this section, we shall present some interesting results using the limit set and
its prolongation set in their proofs as convergence technique and also, we show
how such these sets could be good keys to describe the behaviors of orbits in orbit
spaces. First, we recall some well-known results have proved by limit sets under
certain conditions. Second, we present more results on ܩ-space notions under
weaker conditions using our keys the sets ߉(ݔ) and ߉ௌ(ݔ), ܬ(ݔ) and ܬௌ(ݔ). In a
compact ( ଶܶ axiom included) topological group acts on a Hausdorff space, there is
concert relations between points and their stabilizers [9]. We shall review these
relations and then we give our proofs under weaker conditions. Finally, we give a
new proof for a well-known theorem “Conjugacy Neighborhoods Theorem”.
2.4.1 Remark. From now on, a setting where ܩ is a locally compact ( ଶܶ is
included) acting on a completely regular space ܺ is called a Palais setting (or
setting in the sense of Palais). In the rest, whenever we mention Cartan or Palais
proper ܩ-space that we mean certainly ܩ and ܺ endowed with these properties in.
this setting.
2.4.2 Proposition. [13] Let ܺ be a ܩ-space. ܺ is Cartan ܩ-space (in the sense of
Palais) iff ݔ∉ ܬ(x) for each ݔ∈ ܺ.
2.4.3 Proposition. [26] Let ܺ be a ܩ-space, where ܺ and ܩ are merely Hausdorff.
Then ܺ is Bourbaki proper ܩ-space if and only if ܬ(ݔ) = f for each ݔ∈ ܺ.
Also, the author, in [3], has given several properties of limits sets when ܩ is a
locally compact and ܺ is a completely regular topological space and their relations
with small and thin notions. The following results in [3] could be proved in certain
weaker conditions.
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2.4.4 Proposition. Let ܺ be a ଶܶ ܩ-space and ݔ∈ ܺ. Then the orbit space ܺ/ܩ is
ଶܶ iff for each ݔ∈ ܺ, ܬ(ݔ) is a subset of ܩݔ.
Proof. If ܺ ܩ⁄ is ଶܶ, then for every pair ̅ݔ and ݕതin ܺ ܩ⁄ with ̅ݔ≠ ݕതwe have ݕ ∉
ܬ(ݔ). For an arbitrary point ݔ∈ ܺ, if ݔ∉ ܬ(ݔ), then ܬ(ݔ) = ∅ ⊆ ܩݔ. Otherwise,
that is ݔ∈ ܬ(ݔ), then by inveracity of ܬ(ݔ) we have ܩݔ⊆ ܬ(ݔ). From the first step
of the proof we have shown that for every ݕ ≠ ݃ݔ for some ݃ ∈ ܩ, ݕ∉ ܬ(ݔ). Thus
ܬ(ݔ) is one component, that is ܬ(ݔ) = ܩݔ. Conversely, let ܬ(ݔ) ⊆ ܩݔ and suppose
that the orbit space is not ଶܶ. Then there is a pair of two distinct points ̅ݔ and ݕതin
ܺ ܩ⁄ such that they could not be separated by two disjoint open neighborhoods in
ܺ ܩ⁄ . Then we can construct a net ̅ݔఈ in ܺ ܩ⁄ such that ̅ݔఈ → ̅ݔ and ̅ݔఈ → ݕത. Then
there are nets ݔఈଵ,ݔఈଶ in ̅ݔఈ and a net ఈ݃ in ܩ such that ݔఈଵ → ݔ, ݔఈଶ → ݕ and ఈ݃ݔఈଵ =
ݔఈ
ଶ. Either ఈ݃ → ∞ or ఈ݃ → ݃ for some ݃ ∈ ܩ. For the first case we have ݕ ∈
ܬ(ݔ) ⊆ ܩݔ and in the other we have ఈ݃ݔఈଵ = ݔఈଶ → ݃ݔ= ݕwhere the quality is
hold if ܺ is ଶܶ. Thus, both cases implies to a contradiction. Therefore, ܺ/ܩ is ଶܶ. ∎
2.4.5 Proposition. [3] Let ܺ be a Cartan ܩ-space. Then for each ݔ ∈  ܺ, ߉(ݔ) =
∅.
2.4.6 Proposition. Let ܩ be a locally quasi-compact group acting on a ଶܶ space ܺ
and let ݔ∈ ܺ. Then ݔ∉  ܬ(ݔ) if and only if there is a neighborhood ܷ of ݔ and a
compact neighborhood ܸ of ,݁ ݁ is the identity element of ܩ, such that ܷ݃ ∩ ܷ =Ø for each ݃ ∉ ܸ.
Proof. If ܩ is quasi-compact, the proof is trivial since then ܬ(ݔ) = ∅ for every ݔ∈
ܺ and so one could take ܸ = ܩ for the condition in the proposition. Let ܩ be an
arbitrary locally quasi-compact. First, we assume that ݔ∉ ܬ(ݔ) for some ݔ∈ ܺ.
Suppose that if ܷ is a neighborhood of ݔ and ܸ is a quasi-compact of the identity,
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then there is a ݃ ∉ ܸ and ܷ݃ ∩ ܷ ≠ ∅. Let {ܷఈ} be the neighborhood system of the
point ݔ. Then for every ߙ there a point ఈ݃ ∉ ܸ and a point ݔఈ ∈ ܷఈ such that
ఈ݃ݔఈ ∈ ܷఈ . Since ݔఈ → ݔ and ఈ݃ݔఈ → ݔ and ݔ∉ ܬ(ݔ), there is a ݃ ∈ ܩ such that
ఈ݃ → ݃. By the continuity of the action of ܩ and ܺ is ଶܶ, we have ݃ఈݔఈ → ݃ݔ= ݔ.
There is no loss of generality if we assume that ܸ be a neighborhood of the stabilizer
ܩ௫ of ݔ (actually, it is because ܩ௫ is quasi-compact when ݔ∉ ܬ(ݔ)). Thus, the net
ఈ݃ is eventually in ܸ which contradicts that ఈ݃ ∉ ܸ for every ߙ. Therefore, the
condition of the proposition is true. For the other direction, suppose that ݔ∈ ܬ(ݔ)
for some point ݔ∈ ܺ. There is a net ݔఈ → ݔ in ܺ and a net ఈ݃ → ∞ in ܩ such that
ఈ݃ݔఈ → ݔ. By the condition, there is a neighborhood ܷ of ݔ and a quasi-compact ܸ
of the identity such that ((ܷ,ܷ)) ⊆ ܸ. Since ݔఈ and ఈ݃ݔఈ are eventually in ܷ. We
have ఈ݃ ∈ ((ܷ,ܷ)) ⊆ ܸ. ܸ is a quasi-compact, then ఈ݃ must have a convergent
subnet which is a contradiction. Therefore, ݔ∉  ܬ(ݔ). ∎
Note. We could also prove the proposition (2.4.6) without ଶܶ condition on the space
ܺ using only the set ܬ௦(ݔ).
2.4.7 Corollary. Let ܺ be a ܩ-space as in the above proposition and ݔ ∈ ܺ. Then
ݔ ∈ ܬ(ݔ) if and only if ݔ has no thin neighborhood.
Proof. Assume that ݔ∈ ܬ(ݔ) for some ݔ∈ ܺ. Suppose there is a thin neighborhood
ܷ of ݔ. Then the closure of the set ((ܷ,ܷ)) is quasi-compact. ݔ∈ ܬ(ݔ) implies that
there is a net ݔఈ → ݔ in ܺ and a net ఈ݃ → ∞ in ܩ such that ఈ݃ݔఈ → ݔ. Thus, ఈ݃ ∈((ܷ,ܷ)) and ఈ݃ must have convergent subnet which contradiction. Conversely,
assume that a point ݔ∈ ܺ has no thin neighborhood. Suppose that ݔ∉  ܬ(ݔ). Then
by proposition (2.4.6), there is a neighborhood ܷ of ݔ and a quasi-compact ܸ of the
identity ((ܷ,ܷ)) ⊆ ܸ. Since ܸ is a quasi-compact, the its closure തܸ is also a quasi-
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compact. Thus, ((ܷ,ܷ))തതതതതതതതതതത⊆ തܸ. Therefore, ܷ is a thin neighborhood of ݔ which
contradicts our assumption. ∎
2.4.8 Remark. By corollary (2.2.8), the condition ݕ∉ ܬ(ݔ) implies to that a set(({ݔ}, {ݕ})) is a quasi-compact. Then we can put the following criterion.
2.4.9 Proposition. Let ܩ be a locally quasi-compact group acting on ଶܶ space ܺ and
let ݔ,ݕ be a pair of points in ܺ. ݕ ∉ ܬ(ݔ) if and only if there is a neighborhood ܷ
of ݔand a neighborhood ܹ of ݕ and a quasi-compact neighborhood ܸ of the(({ݔ}, {ݕ})) such that ܷ݃ ∩ ܹ = ∅ if ݃ ∉ ܸ.
Proof. The proof is obvious if ܩ is a quasi-compact. We assume that ܩ be an
arbitrary locally quasi-compact. Take a pair of points ݔ,ݕ in ܺ such that ݕ ∉ ܬ(ݔ).
Suppose that if ܷ,ܹ and ܸ are neighborhood of ݔ,ݕ and (({ݔ}. {ݕ})) respectively,
then there is a ݃ ∉ ܸ and ܷ݃ ∩ ܹ ≠ ∅. Let {ܷఈ} and {ܹఈ} be the neighborhood
systems for ݔ and ݕ and let ܸ be a quasi-compact of the identity. Then for every ߙ
there is a ఈ݃ ∉ ܸ and ఈܷ݃ఈ ∩ ܹఈ ≠ ∅. Thus, for every ߙ there is ݔఈ ∈ ܷఈ such that
ఈ݃ݔఈ ∈ ܹఈ . Since ݔఈ → ݔ and ఈ݃ݔఈ → ݕ and ݕ ∉ ܬ(ݔ), there is a ݃ ∈ ܩ such that
ఈ݃ → ݃. By the continuity of the action of ܩ and ଶܶ property of ܺ, we have ఈ݃ݔఈ →
݃ݔ= ݕ and ݃ ∈ (({ݔ}, {ݕ})) ⊆ ܸ. ܸ is a neighborhood of ݃, then the net ఈ݃ is
eventually in ܸ which contradicts ఈ݃ ∉ ܸ for every ߙ. Conversely, Suppose that
ݕ ∈ ܬ(ݔ). Then there is a net ݔఈ → ݔ in ܺ and a net ݃ఈ → ∞ in ܩ such that ఈ݃ݔఈ →
ݕ. By hypothesis, there is a neighborhood ܷ௫ of ݔ and a neighborhood ܹ௬ of ݕ and
ܸ is a quasi-compact neighborhood of (({ݔ}, {ݕ})) such that ((ܷ௫,ܹ௬)) ⊆ ܸ. Then,
the nets ݔఈ and ఈ݃ݔఈ are eventually in ܷ௫ and ܹ௬ respectively and ఈ݃ ∈((ܷ௫,ܹ௬)) ⊆ ܸ. That is, ఈ݃ must have a convergent subnet which is impossible.
Therefore, ݕ ∉ ܬ(ݔ). ∎
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Note. In the above proposition we may drop the ଶܶ condition on the space ܺ ,
however, we must use the set ܬ௦(ݔ) instead of the set ܬ(ݔ).
2.4.10 Corollary. Let ܺ be a ܩ-space. For each pair of points ݔ,ݕ in ܺ there is a
neighborhood ܷ of ݔ and a neighborhood ܹ of ݕ and there is a quasi-compact
neighborhood ܸ of (({ݔ}, {ݕ})) such that ܷ݃ ∩ ܹ = Ø for each ݃ ∉  ܸ if and only
if ܬ(ݔ) = Ø for each ݔ∈ ܺ.
Proof. The proof immediately comes from proposition (2.4.9). ∎
2.4.11 Proposition. Let ܺ be a ܩ-space and ݕ be a point in ܺ. Then ݕ has no small
neighborhood whenever ݕ ∈ ܬ(ݔ) for some point ݔ∈ ܺ.
Proof. Let ݕ∈ ܬ(ݔ) for some ݔ,ݕ ∈ ܺ. If ܵ is a small neighborhood of y, there is a
neighborhood ܷ of ݔ such that a set ((ܷ, )ܵ) has a quasi-compact closure. Since ݕ∈
ܬ(ݔ), there is a net ݔఈ → ݔ in ܺ and a net ఈ݃ → ∞ in ܩ such that ఈ݃ݔఈ → ݕ. Thus,
ఈ݃ ∈ ((ܷ, )ܵ) which is a quasi-compact which implies to a contradiction since ఈ݃ →
∞. ∎
2.4.12 Proposition. Let ܩ be a locally quasi-compact group acting on ଶܶ space ܺ.
Then ܬ(ݔ) = Ø for each ݔ∈ ܺ if and only if every pair of points of ܺ has relatively
thin neighborhoods.
Proof. For the first side, for every pair of points ݔ,ݕ ∈ ܺ. Since ݕ∉ ܬ(ݔ) = ∅, then
by proposition (2.4.9), there are neighborhoods ܷ௫ , ܹ௬ , and a quasi-compact
neighborhood ܸ satisfy the condition in the proposition. That is, ((ܷ௫,ܹ௬)) ⊆ ܸ.
Since തܸ is still quasi-compact, then ((ܷ௫,ܹ௬))തതതതതതതതതതതതതis quasi-compact. Therefore, ݔ,ݕ
have relatively thin neighborhoods. Conversely, for a pair of points ݔ,ݕ ∈ ܺ, Take
ܸ = ((ܷ,ܹ ))തതതതതതതതതതത where ܷ and ܸ relatively thin neighborhoods of ݔ and ݕ
respectively. We have ((ܷ,ܹ )) ⊆ ܸ and ܸ is a quasi-compact neighborhood of a
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set (({ݔ}, {ݕ})). By proposition (2.2.10), then ݕ ∉ ܬ(ݔ). Since the points ݔ and ݕ are
an arbitrary. Therefore, ܬ(ݔ) = ∅ for every ݔ∈ ܺ. ∎
2.4.13 Remark. In general, if for every pair of points of ܺ, there are relatively thin
neighborhoods then for each ݔ∈ ܺ, ܬ(ݔ) = ∅. The converse is not in general. For
example, the natural action of the group of rational numbers on itself. Also, if for
every pair of points of ܺ, there are relatively thin neighborhoods, it does not imply
to that ܺ is Palais proper. For instance, see the dynamical system in [7, pp. 46].
However, if ܺ is a locally compact, the notions of Bourbaki and Palais proper are
equivalent.
2.4.14 Theorem. [3] Let ܺ be a locally compact ܩ-space. Under Palais setting,
Palais proper and Bourbaki proper are equivalent.
If ܩ is a compact Lie group acting on ଶܶ space, there is a relation between close
points and their stabilizers and there is also a relation between close orbits and their
kernels. One can show those interesting results in the version of compact Lie group
in Montgomery and Zippin [23] and [12]. Palais also has given analogous results for
more wider classes of ܩ-spaces are called locally proper ܩ-spaces (or Cartan ܩ-
spaces) when ܩ is an arbitrary ଶܶ-locally compact (Lie) group acting continuously
on completely regular space. In the next, we will review those results in both
versions and then we shall give our proofs for the same propositions to get the same
results using this convergence technique. We merely need the following definition.
2.4.15 Definition. [10] Let ܩ be a topological group acting continuously on a space
ܺ. and let ݔbe a point in ܺ. The kernel of the action ܩ on ܺ is the subgroup
⋂ ܩ௫௫∈௑ and the kernel of action of ܩ on the orbit ܩݔ is the subgroup ⋂ ܩ௬௬∈ீ௫ .
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2.4.16 Lemma. [9] (Close points have close stabilizers) Let ܩ acts properly on a
space ܺ, choose ݔ∈ ܺ and let ܷ be a neighborhood of the stabilizers ܩ௫ of ݔ in ܩ.
Then ݔ has a neighborhood ܸ such that for every ݕ ∈ ܸ, then ܩ௬ ⊆ ܷ.
2.4.17 Proposition. Let ܩ be an arbitrary topological group acting on ଶܶ space ܺ.
If ݔ∉ ܬ(ݔ) for some point ݔ∈ ܺ. Then for every neighborhood ܷ of the stabilizer
ܩ௫ of ݔ in ܩ there is a neighborhood ܸ of ݔ such that for every ݕ ∈ ܸ, then ܩ௬ ⊆
ܷ.
Proof. Suppose that the result is not true. That is, there is a neighborhood ܷ of the
stabilizer ܩ௫ of ݔ in ܩ such that for every neighborhood ܸ of ݔ, there is a point
ݕ ∈  ܸ such that ܩ௬ ⊄ ܷ. Let { ఈܸ} be a neighborhoods system of the point ݔ. Then
for every ఈܸ there is a point ݔఈ ∈ ఈܸ such that there is a ఈ݃ ∈ ܩ௫ഀ and ఈ݃ ∉ ܷ. Let
ݔఈ be the net constructed by our choice of the family { ఈܸ}, then the net ݔఈ → ݔ.
Since ݃ఈݔఈ = ݔఈ → ݔ and ݔ∉ ܬ(ݔ). We have ఈ݃ → ݃ for some ݃ ∈ ܩ. The
continuity of the action gives ఈ݃ݔఈ → ݃ݔ and the ଶܶ property on ܺ gives ݃ݔ= ݔ.
Thus, ݃ ∈ ܩ௫ ⊆ ܷ. Then ݃ఈ ∈ ܷ for every ߙ > ߙ∘ for some ߙ∘ which contradicts
our assumption. Therefore, the result is true.∎
2.4.18 Lemma. [9] (Close orbits have close kernels). Let ܩ be a ଶܶ group acting
properly on a space ܺ, choose a point ݔ∈ ܺ, and let ܷ be a neighborhood of the
kernel of the action ܩ on the orbit ܩݔ. Then ݔ has a neighborhood ܸ such that ܷ
contains all kernels which correspond to orbits of points in ܸ.
2.4.19 Proposition. Let ܩ be an arbitrary topological group acting on ଶܶ space ܺ,
let ݔ in ܺ and ݔ∉ ܬ(ݔ). Then for every neighborhood ܷ of the kernel of the action
ܩ on the orbit ܩݔ, ݔ has a neighborhood ܸ such that the kernels of the action of ܩ
on all orbits through points in ܸ contained in ܷ.
Proof. Suppose that the result is not true, and there is a neighborhood ܷ of the
kernel of the action ܩ on ܩݔ such that every neighborhood ܸ of ݔ there a point
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ݕ ∈  ܸ with ⋂ ܩ௚௬ ⊄ ܷ௚∈ீ . Let { ఈܸ} be a neighborhoods system of the point ݔ.
Then for every ఈܸ there is a point ݔఈ ∈ ఈܸ such that there is a ݃ఈ ∈ ⋂ ܩ௚௫ഀ௚∈ீ and
ఈ݃ ∉ ܷ. Let ݔఈ be the net constructed by our choice of the family { ఈܸ}, then net
ݔఈ → ݔ and let ݃ ∈ ܩ. Then ݃ݔఈ → ݃ݔ. Since ఈ݃(݃ݔఈ) = ݃ݔఈ → ݃ݔ and ݃ݔ∉
ܬ(݃ݔ). We have ఈ݃ → ଵ݃ for some ଵ݃ ∈ ܩ. The continuity of the action implies to
ఈ݃(݃ݔఈ) → ଵ݃(݃ݔ) = ݃ݔ and ଵ݃ ∈ ܩ௚௫ for every ݃ ∈ ܩ. Thus ଵ݃ ∈
⋂ ܩ௚௫ഀ ⊆ ܷ௚∈ீ and ݃ఈ ∈ ܷ eventually which is a contradiction. Therefore, the
result is true.∎
Note. Propositions (2.4.17) and (2.4.19), we may drop the ଶܶ condition on the
space X using the condition ݔ∉ ܬ௦(ݔ) instead of ݔ∉ ܬ(ݔ).
According to the proposition (2.4.17), and the conjugacy theorem via Zippin and
Montgomery [23], if ܩ is a Lie group, then all stabilizer subgroups of points close
enough to the point ݔ are conjugate to subgroups of ܩ௫. Palais has given a direct
proof for this theorem using the notion of slices [29]. We will apply convergence
techniques to obtain the same result but before taking up the proof, we need some
of the following background.
2.4.20 Definition. [16] A locally compact topological group is called having a
property (ࡿ) provided for every x ≠ e in a sufficiently small neighborhood ܷ there
exists an integer n so that ݔଶ೙ ∉ ܷ.
2.4.21 Theorem. [16] A locally compact group has a property (ࡿ) if it has no
small subgroup.
2.4.22 Remark. Every Lie group has a property (ࡿ). [16]
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2.4.23 Theorem. Conjugacy neighborhood theorem using convergence
techniques. Let ܺ be a ܩ-space where ܩ is Hausdorff locally compact with
property (ࡿ) and let ݔ∉ ܬ(ݔ) for every ݔ∈ ܺ. Then for a point ݔ∈ ܺ, there is a
neighborhood ܷ of ݔ in ܺ such that the stabilizers of points in ܷ are conjugate to a
subgroup of ܩ௫.
Proof. Suppose that there is a point ݔ∈ ܺ such that for every neighborhood ܷ of ݔ
there is ݕ ∈ ܷ such that ܩ௬ ⊄ ܩ௫. We can choose the neighborhoods system ܷఈ of
the point ݔ in ܺ. We can find for every ߙ there is a point ݔఈ ∈ ܷఈ and ఈ݃ ∈
ܩ௫ഀsuch that ఈ݃ ∉ ܩ௫. We have ఈ݃ݔఈ = ݔఈ but ఈ݃ݔ≠ ݔ. By our choice of the
neighborhoods of ݔ, we have ݔఈ → ݔܽ݊ ݀ ఈ݃ݔఈ = ݔఈ → ݔ. ݔ∉ ܬ(ݔ) implies
that ఈ݃ → ݃ for some ݃ ∈ ܩ. By the continuity of the action, we have ఈ݃ݔఈ → ݃ݔ
and ݃ݔ= ݔ. Thus, ݃ ∈ ܩ௫. Now ఈ݃ → ݃ so that ఈ݇ = ݃ିଵ ఈ݃ → ݁where ݁ is the
identity element in ܩ. Let ܸ be a symmetric neighborhood of ݁ in ܩ with തܸ is
compact. Since ܩ has the property(ࡿ), we can construct a sequence of
neighborhoods {ܷ௡} of ݁with ܷ௡ ⊇ ܷ௡ାଵ and ∩ ܷ௡ = { }݁. On other the hand,
since ఈ݇ → ,݁ it allows us to construct a sequence ݕ௡ = ఈ݇೙ ≠ ݁ with ݕ௡ ∈ ܷ௡ for
every .݊ Let ܹ be a neighborhood of ݁such that ܹ ଶ ⊂ ܸ. By our assumption, for
every ݊ there is an integer ݉ ௡ such that ݕ௡ଶ
೘ ೙
∉ ܹ so we can consider ݉ ௡ being
the smallest integer satisfies this property for every .݊ Now, the inequality2௠ ೙ିଵ < 2௠ ೙ implies ݕ௡ଶ೘ ೙షభ ∈ ܹ and ݕ௡ଶ೘ ೙షభݕ௡ଶ೘ ೙షభ = ݕ௡ଶ೘ ೙ ∈ ܹ ଶ ⊂ ܸ. Since
the closure of ܸ is compact then there is a subsequence ݕ௡, of ݕ௡ such that ݕ௡, =
ݕ௡,ଶ೘ ೙,  → ܽ ݅݊ തܸ. The condition ݕ௡ଶ೘ ೙ ∉ ܹ implies that ܽ ∉ ܹ and ܽ ≠ .݁ Let ܭ be
the set of the existence limits of such subsequences. We claim that ܭ is subgroup
of ܩ. Pick ,ܾܽ∈ ܭ, then ܽ = ݈݅݉ ݅ݐݕ௡,ଶ೘ ೙, and ܾ= ݈݅݉ ݅ݐݕ௡,,ଶ೘ ೙,, . Put ݏ௡ = 2௠ ೙,, −2௠ ೙, ( ݉ ݋݀ 2௠ ೙, ). Then we have ݏ௡ ≤ 2௠ ೙, and ݈݅݉ ݅ݐݕ௡,௦೙ = ݁= ܾܽିଵ ∈ തܸ. We
have ܾܽିଵ ∈ ܭ and then ܭ is a subgroup of ܩ containing in തܸwhich contradicts
Limit and Strongly Limit Sets
41
that ܩ has property (ࡿ). Therefore, there is a neighborhood of ݔ such that points in
it whose stabilizers are subgroups of ܩ௫ ∎.
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Chapter Three
Weaker Forms of Proper Actions
3.1 Three Kinds of Proper Actions
In the chapter two, we have stated two kinds of proper actions, Palais, and
Bourbaki proper. We have mentioned that Palais proper implies Bourbaki proper.
In general, the two actions are not equivalent. On the other hand, they have been
put in different settings. There is another action that has been presented by Baum,
Connes and Higson (the stronger one). The latter has been put in a setting different
than Palais’. Biller in [8] has defined three weaker kinds of proper that are
increasingly strong. In [8], the author makes three kinds of proper actions in
unambiguous directions. There the author also establishes a weaker form termed
Cartan depending on some of the properties of Palais’ Cartan. In our view, the
convergence technique makes the relation between three kinds of proper clearer
and technique of proofs shorter and more understandable. Moreover, we shall show
that our weaker forms are weaker than Biller’s. In this way, we propose a new
insight into the study of wider classes of proper action that use only convergence
techniques. Before taking up those forms, we give Baum-Connes-Higson proper
definition.
3.1.1 Definition. [6] Let ܩ be a locally compact and second countable ( ଶܶ
included) and let ܩ be act continuously on a metrizable space ܺ. The action of ܺ is
called proper if for every ݔ∈ ܺ there is a triple (ܷ,ܪ ,ߩ) such that:
1. ܷ is an open neighborhood of ݔ, with ݃ݕ∈ ܷ for every ( ,݃ݕ) ∈ ܩ × ܷ,
2. ܪ is a compact subgroup of ܩ,
3. ߩ:ܷ → ܩ ܪ⁄ is a ܩ-map from ܷ to the homogeneous space ܩ ܪ⁄ .
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3.1.2 Lemma. Let ܩ be a topological group and ݃ is an element of ܩ and ࣨ be a
fundamental open neighborhoods system of the identity. Then for every ܸ ∈ ࣨ ,
there is an open neighborhood ܷ of ݃ such that ((ܷ,ܷ)) = {݃ ∈ ܩ:ܷ݃ ∩ ܷ ≠
∅} ⊆ ܸ.
Proof. From topological group properties, especially for a fundamental open
neighborhood system ࣨ of the identity element in ܩ, we have that every
element ܸ ∈ ࣨ , and any element ݃ ∈ ܩ there is an element ܰ ∈ ࣨ such that ܰ ⊆
ܸ݃݃ିଵ. Then we have ((ܰ ,ܰ)) ⊆  ܸ݃݃ିଵ or ݃ିଵ((ܰ ,ܰ))݃ ⊆ ܸ, and
hence ((݃ܰ ,݃ܰ)) ⊆ ܸ. Take ܷ = ݃ܰ . ∎
3.1.3 Definition. [3] Let ܺ be a ܩ-space. A subset ܵof ܺ is called star if for every
ݔ∈ ܺ there is a ݃ ∈  ܩ such that the set ݃ݔ∈ ܵ and if, additionally, ܵ is also small
then it is called strong.
3.1.4 Remark. We have shown that the extended sets ܬ(ݔ) and ܬௌ(ݔ), from the sets
ܧ௙ and ܵܧ௙ respectively, are good keys as to whether an action is Bourbaki proper
or not. It is useful in this stage that we give explanations that one may gain from
the set ܬ(ݔ). First, let us prove the following theorem that we have stated it in the
chapter two.
3.1.5 Theorem. Let ܺ be a ଶܶ space and let ܩ be a topological group acting
continuously on ܺ. The action is Bourbaki proper if and only if the set ܬ(ݔ) =
∅ for every ݔ∈ ܺ.
Proof. If the ܩ acts properly on ܺ, suppose that there are points ݕ,ݔ∈ ܺ ܽ݊ ݀ݕ∈
ܬ(ݔ). There is a net ݃ఈ → ∞ in ܩ and a net ݔఈ → ݔ in ܺ such that ఈ݃ݔఈ → ݕ. That
is (ݔఈ , ఈ݃ݔఈ) → (ݔ,ݕ). Since ܩ acts properly on ܺ, then there is a point ( ,݃ݔ) ∈
ܩ × ܺ such that (݃ఈ,ݔఈ) → ( ,݃ݔ). This implies that ఈ݃ → ݃ which is a
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contradiction. Therefore, since ݔ,ݕ are arbitrary, ܬ(ݔ) = ∅ for every ݔ∈ ܺ.
Conversely, to show that the condition ܬ(ݔ) = ∅ for every ݔ∈ ܺ implies that the
map ߠ: ( ,݃ݔ) → (ݔ,݃ݔ) is proper, take a point (ݔ,ݕ) ∈ ܺ × ܺ, then if ݕ ≠
݃ݔ for every ݃ ∈ ܩ, then ߠିଵ(ݔ,ݕ) = ∅ and hence it is quasi compact. Suppose
that ݕ = ݃ݔ for some ݃ in ܩ and ߠିଵ(ݔ,ݕ) is not quasi compact. There is a net( ఈ݃ ,ݔఈ) → ∞ in ߠିଵ(ݔ,ݕ) and hence in ܩ × ܺ since ߠିଵ(ݔ,ݕ) is closed subset
of ܩ × ܺ. Since ߠ( ఈ݃ ,ݔఈ) = (ݔఈ , ఈ݃ݔఈ) = (ݔ,ݕ) → (ݔ,ݕ), then we have ݔఈ →
ݔand ఈ݃ݔఈ → ݕ. ( ఈ݃ ,ݔఈ) → ∞ implies that ఈ݃ → ∞ and ݕ ∈ ܬ(ݔ) which is a
contradiction. Take ܨ as a closed subset of ܩ × ܺ and (ݔ,ݕ) ∈ ߠ(ܨ)തതതതതത. There is a net( ఈ݃ ,ݔఈ) ∈ ܨ and ߠ( ఈ݃ ,ݔఈ) = (ݔఈ , ఈ݃ݔఈ) → (ݔ,ݕ). So ݔఈ → ݔand ఈ݃ݔఈ → ݕ.
Since ܬ(ݔ) = ∅, the net ఈ݃must have a convergent point in ܩ, say ݃. That is ఈ݃ →
݃ and ݔఈ → ݔ or ( ఈ݃ ,ݔఈ) → ( ,݃ݔ) ∈ ܨ, since ܨ is closed. The continuity of ߠ
implies to ߠ( ఈ݃ ,ݔఈ) = (ݔఈ , ఈ݃ݔఈ) → ߠ( ,݃ݔ) = (ݔ,݃ݔ) = (ݔ,ݕ) by ଶܶ condition
of ܺ. Therefore ߠ(ܨ) is closed in ܺ × ܺ and ߠ is closed map. ■ 
3.1.6 Remark. If ܺ is not ଶܶ in the theorem (3.1.4), then the second direction may
not be true. For example, ܩ = {±1} with the discrete topology, and ܺ = ℝଶ with
the indiscrete topology. Then ܩ acts continuously on ܺ by ݐ(ݔ,ݕ) =(ݔ,ݐݕ) for every ݐ∈ ܩ and (ݔ,ݕ) ∈ ܺ. Obviously, then ܬ((ݔ,ݕ)) =
∅ for every (ݔ,ݕ) ∈ ܺ. However, ܺ ܩ⁄ is not ଶܶ (not Bourbaki proper).
3.1.7 Proposition. [27] Let ܺ be a Cartan ܩ-space (in the sense of Palais) and ݔ be
a point in ܺ. If ܷ is a neighborhood of ܩ௫, then there is a neighborhood ܸ of ݔ such
that ((ܸ,ܸ)) ⊆ ܷ.
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3.2 Biller’s Cartan Action and Weaker Cartan Actions
3.2.1 Definition. [8] Let ܺ be a topological space and ܩ be a topological group. An
action of ܩ on ܺ is said to be Cartan if the following two conditions are satisfied:
1. All stabilizers are quasi compact.
2. If ݔ∈ ܺ, ܽ݊ ݀ ܸீ
ೣ
݅ݏܽ݊݅݁݃ℎ ݋ܾݎℎ݋݋݀ ݋݂ ܩ௫, there is a neighborhood ܷ௫ of
ݔ such that ((ܷ௫,ܷ௫)) ⊆ ܸீ ೣ.
3.2.2 Proposition. Cartan action in the sense of Biller implies to the condition
that ݔ∉ ܬ(ݔ) for every ݔ∈ ܺ.
Proof. Assume that the two conditions of Biller be satisfied. Suppose that there is a
point ݔ∈ ܺ such that ݔ∈ ܬ(ݔ). Then these a net ఈ݃ → ∞ in ܩ and a net ݔఈ → ݔ in
ܺ such that ݃ఈݔఈ → ݔ. For each ݃ ∈ ܩ௫ there is, since ఈ݃ → ∞, ߜ௚ ∈
ܦ and ௚ܸ is a nieghborhood of ݃ such that ఈ݃ ∉ ௚ܸ for every ߙ ≥ ߜ௚. The
collection { ௚ܸ} forms an open cover of ܩ௫ which is a quasi-compact, then there is a
finite sub-collection { ௚ܸ೔}௜ୀଵ௡ covering ܩ௫. Then we find ߜ ∈ ܦ such that ఈ݃ ∉ ௚ܸ೔
for every ߙ ≥ ߜ, and ݅∈ {1,2,3, … , }݊ . Put ܸ =∪௜ୀଵ௡ ௚ܸ೔ then ܸ is a neighborhood
of ܩ௫ and ݃ఈ ∉ ܸ for every ߙ ≥ ߜ. By the second condition of Biller, these is a
neighborhood ܷ௫ such that ((ܷ௫,ܷ௫)) ⊆ ܸ. Since ݔఈ → ݔ and ఈ݃ݔఈ → ݔ, then
there is ߚ ∈ ܦ such that ݔఈ ∈ ܷ௫ ܽ݊ ݀ ఈ݃ݔఈ ∈ ܷ௫ or ఈ݃ ∈ ൫(ܷ௫,ܷ௫)൯for
every ߙ ≥ ߚ. Choose ߛ≥ ߚ ܽ݊݀ߛ≥ ߜ, then we have ఈ݃ ∈ ൫(ܷ௫,ܷ௫)൯⊆ ܸ and
ఈ݃ ∉ ܸ for every ߙ ≥ ߛwhich a contradiction, ݔ is an arbitrary point in ܺ and
hence ݔ∉ ܬ(ݔ) for every ݔ∈ ܺ.■ 
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3.2.3 Remark.
 The converse of the above proposition is not true in general. For example,
consider the action ݐ(ݔ,ݕ) = (ݔ,ݐݕ) by the discrete topological group ܩ =
{+1, −1} acting on the plane with the indiscrete topology. Take a point ݔ=(2,3) in the plane, then ܩ௫ = {1}. The subset ܸ = {1} of ܩ is an open
neighborhood of ܩ௫. However, there is a unique neighborhood ܷ = ℝଶ of ݔ
and ((ܷ,ܷ)) = {−1,1} ⊄ ܸ. It is obvious that ݔ∉ ܬ(ݔ).
 Under the second condition of definition of Biller Cartan action, the first
condition is equivalent to the condition ݔ∉ ߉(ݔ) for every ݔ∈ ܺ.
In this stage, we have shown that there is a convergence condition that is
weaker than Biller conditions. A fortiori one could define a weaker form of Cartan
action by using such convergence techniques. We will call our version weak
Cartan or just ݓ -Cartan.
3.2.4 Definition. (New version of Cartan action) Let ܺ be topological space and
ܩ be a topological group acts continuously on ܺ. The action of ܩ on ܺ is said to be
ݓ -Cartan if the following condition is satisfied: ∀ ݔ in ܺ, ݔ∉ ܬ(ݔ).
3.2.5 Proposition. In the sense of Palais, Cartan and ݓ -Cartan coincide [see,
proposition (2.4.2)].
3.2.6 Proposition. Let ܺ be a ଶܶ ݓ - Cartan ܩ-space and ݔ a point in ܺ. Then the
map ݃ → ݃ݔ is an open map from ܩ onto ܩݔ.
Proof. Let ܸ be an open neighborhood of e in ܩ. To show ܸݔ is an open in ܩݔ.
Suppose it is not. There is a net ఈ݃in ܩ with ݃ఈݔ is not eventually in ܸݔ but it
converges to ݔ. If ఈ݃ → ∞, then ݔ∈ ߉(ݔ) ⊆ ܬ(ݔ) which contradicts that ܺ is ݓ -
Cartan. So, ݃ఈ → ݃ for some ݃ ∈ ܩ. Then ఈ݃ݔ→ ݃ݔ= ݔ and hence ݃ ∈ ܩ௫.
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However, ௫݃ݔ∉ ܸݔ is equivalent to ఈ݃ ∉ ܸܩ௫ which is a neighborhood of ݃. This
contradiction proves the proposition.∎
3.2.7 Proposition. Let ܺ be a ݓ - Cartan ܩ-space and ݔ a point in ܺ. Then the map
ܩ ܩ௫ → ܩݔ⁄ is a homeomorphism.
Proof. It is obvious that the map is a bijection map, and it is also equivariant. Let ܷ
be an open subset of ܩ ܩ௫⁄ , then ߨିଵ(ܷ) = ܷܩ௫ is open in ܩ where ߨ is the
canonical map from ܩ onto ܩ ܩ௫⁄ . By the above lemma, ܷݔ is open in ܩݔ.∎
3.2.8 Example. Let ܩ=ℚ be the group of rational numbers with usual addition
operation and the relative topology of the usual topology on ℝ, and let ܩ act on
itself by the usual translations. That is, the action ( ,݃ݔ) → ݃+ ݔ for each ,݃ݔ ∈
ℚ. Then ܩ acts continuously on itself. Also, the orbit space is just one point. Now
for every net ݃ఈ → ∞ then either ఈ݃ goes to ±∞ or ఈ݃ converges to an irrational
number ݎ, and in the both cases if there is a net ݔఈ → ݔ∈ ℚ, then ఈ݃ + ݔఈ → ∞.
So ݔ∉ ܬ(ݔ) for each ݔ ∈ ℚ. This action is not Cartan in the sense of Palais
because 0 ∈ ℚ and for any neighborhood ܸ of 0, the set ((ܸ,ܸ)) has not compact
closure in ℚ.
3.2.9 Definition. (New versions of ࢝ -proper actions) Let ܺ be a topological
space and ܩ be a topological group and let ܩ acts continuously on ܺ. Then the
action ܩ on ܺ is said to be:
i- ݓ -proper action if is ݓ -Cartan and the orbit space ܺ/ܩ is Hausdorff.
ii- ݓ -Palais proper if it is ݓ -Cartan and the orbit space ܺ/ܩ is regular ( ଶܶ is
included).
iii-ݓ -strongly proper if it is ݓ -Cartan and the orbit space ܺ/ܩ is paracompact (
ଶܶ is included).
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3.2.10 Remark. It is obvious that every ݓ -strongly proper action is a ݓ -Palais
proper action and the latter is a ݓ -proper action. A good universal example for
converse sides is given by Biller in [8] as following; Let ܩ be a topological group
and ܺ is a topological space. Let ܩ acts on the space ܩ × ܺ by ݃(ݐ,ݔ) = (݃ݐ,ݔ)
for every ,݃ݐ∈ ܩ ܽ݊ ݀ݔ∈ ܺ. To show this action is ݓ -Cartan. Take a point ̅ݖ=(ݐ,ݔ) ∈ ܩ × ܺ. Suppose that ̅ݖ∈ ܬ(̅ݖ), there is a net (ݐఈ ,ݔఈ) → (ݐ,ݔ) in ܩ × ܺ and
a net ఈ݃ → ∞ such that ఈ݃(ݐఈ ,ݔఈ) = (݃ఈݐఈ ,ݔఈ) → (ݐ,ݔ). Then we have that
ఈ݃ݐఈ → ݐ and ݔఈ → ݔ. By the previous lemma (3.1.2), if ܸ is a neighborhood of
,݁ there is a neighborhood ܷ of ݐsuch that ൫(ܷ,ܷ)൯⊆ ܸ. Since ఈ݃ → ∞, there is
ߜ ∈ ܦ such that ఈ݃ ∉ ܸ for every ߙ ≥ ߜ. Since ఈ݃ݐఈ → ݐ, and ݐఈ → ݐ there is
ߚ ∈ ܦ such that ఈ݃ݐఈ ∈ ܷ, and ݐఈ ∈ ܷ for every ߙ ≥ ߚ. So, for ߙ ≥ ߜand ߙ ≥ ߚ,
we have ఈ݃ ∈ ൫(ܷ,ܷ)൯and ఈ݃ ∉ ܸ is impossible. Therefore, ̅ݖ∉ ܬ(̅ݖ) for every
point ̅ݖ= (ݐ,ݔ) ∈ ܩ × ܺ and the action is ݓ -Cartan. Moreover, the orbit space of
this action is homeomorphic to ܺ, as a result there is ݓ -proper action which is not
ݓ -Palais proper and ݓ -Palais proper which is not ݓ -strongly proper.
3.2.11 Proposition. ݓ -proper action is equivalent to the Bourbaki proper if ܺ, in
addition, is ଶܶ.
Proof. Bourbaki proper implies that ܬ(ݔ) = ∅ for every ݔ∈ ܺ. That is, ݔ∉ ܬ(ݔ)
and hence ݓ -Cartan. Also, the condition implies that for every pair of points ݔ,ݕ ∈
ܺ, we have ݕ ∉ ܬ(ݔ) which implies to ܺ ܩ⁄ is ଶܶ whenever ܺ is ଶܶ. Conversely, if
ܺ is a ݓ -proper, then ݔ∉ ܬ(ݔ) and since the orbit space is ଶܶ. The condition ݕ ∉
ܬ(ݔ) for every pair of points ݔ,ݕ ∈  ܺ with ܩݔ≠ ܩݕ implies that ܬ(ݔ) = ∅ for
every point ݔ∈ ܺ, and the latter implies that ܺ is Bourbaki proper whenever ܺ is
ଶܶ.∎
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3.2.12 Proposition. In the Palais setting, that is, ܩ is a locally compact ( ଶܶ
included) and ܺ is a completely regular (ܶ
ଷ
భ
మ
), Palais proper and ݓ -Palais proper
coincide.
Proof. If ܺ is a ݓ -Palais proper, then it is a ݓ -Cartan which is under Palais setting
ܺ is also Palais Cartan action from the previous proposition. Moreover, ܺ ܩ⁄ is
regular by the definition of ݓ -Palais proper. Thus, ܺ is Palais proper (since Cartan
with regularity of the orbit space is equivalent to Palais proper). The proof of the
other side is obvious.∎
3.2.13 Proposition. If ܺ is a ଶܶ ܩ-space, ܣ is an open thin subset of ܺ, then ܩܣ is
ݓ -proper (also Bourbaki) ܩ-space (≅  ܬ(ݔ) = ∅, for every ݔ∈ ܩܣ).
Proof. To show that the action ܩ × ܩܣ → ܩܣ is ݓ -proper. It must be ݓ -Cartan G-
space and the orbit space ܩܣ ܩ⁄ is Hausdorff. To show that for every point ݔ∈
ܩܣ,ݔ∉ ܬ(ݔ). Suppose that is not true. That is, there is a point ˳݃ݔ∈ ܩܣ, but ˳݃ݔ∈
ܬ൫݃ ˳ݔ൯. Then ∃ ݔఈ → ˳݃ݔ݅݊ ܩܣ ܽ݊  ݀∃ ఈ݃ → ∞ ݅݊ ܩ such that ఈ݃ݔఈ → ˳݃ݔ݅݊ ܩܣ.
Since ݔ∈ ܣ and ˳݃ିଵ ఈ݃ݔ→ ݔ, then there is ߜ ∈ ܦ such that ˳݃ିଵ ఈ݃ݔ∈ ܣ for
every ߙ ≥ ߜ, so ˳݃ିଵ ఈ݃ ∈ ((ܣ,ܣ)) which has a quasi-compact closure. Then there
is a ݃ ∈ ܩ and ˳݃ିଵ ఈ݃ → ݃ or ఈ݃ → ˳݃݃ which is a contradiction. Therefore, for
every ݔ∈ ܩܣ,ݔ∉ ܬ(ݔ). To show that ܩܣ ܩ⁄ is ଶܶ. Suppose that there are ̅ݔ, ݕത∈
ܩܣ ܩ⁄ such that ̅ݔ≠  ݕതand ݕ ∈ ܬ(ݔ) where ݔ∈ ̅ݔ and ݕ ∈ ݕത, then there are
˳݃, ଵ݃ ∈ ܩ such that ∘ܽ = ˳݃ݔ ∈ ܣ and ଵܽ = ଵ݃ݕ ∈ ܣ. Since y∈ ܬ(ݔ), then ଵܽ ∈
ܬ( ∘ܽ), then there are a net ݃ఈ → ∞ and ݔఈ → ∘ܽ such that ఈ݃ݔఈ → ଵܽ. ܣ is open,
then there is ߜ ∈ ܦ such that ݔఈ ∈ ܣ and ఈ݃ݔఈ ∈ ܣ for each ߙ ≥ ߜ. This means
that ఈ݃ ∈ ((ܣ,ܣ))തതതതതതതതതതwhich is quasi compact. So ఈ݃ → ݃ for some ݃ ∈ ܩ which is a
contradiction. Therefore, ܩܣ ܩ⁄ is ଶܶ, and the action is ݓ -proper. ■ 
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3.2.14 Corollary. In the Palais setting, for a ݓ -Cartan ܩ-space ܺ, every point has a
neighborhood ܰ such that ܩܰ is Palais proper.
Proof. It follows from the fact that Cartan and ݓ -Cartan coincide in the Palais
setting.∎
3.2.15 Remark. If ܺ is a ܩ-space and ܣ is a closed thin subset of ܺ, then ܩܣ is not
necessarily to be closed in ܺ. For example, a subset
ܣ = {(ݔ,ݕ) ∈ ℝଶ: (ݔ− 16)ଶ + ݕଶ ≤ 1} is a closed thin in the ܩ-space ℝଶ, where
ܩ is the set of real numbers with the usual topology acts on ℝଶ by the formula
ݐ(ݔ,ݕ) = (݁ݔ ି௧,ݕ݁௧). However, ܩܣ is not closed. That is, ߨ(ܣ) is not closed in
the orbit space ܺ ܩ⁄ . If ܣ is a small subset of a ଶܶ ܩ-space, then we can obtain the
following results.
3.2.16 Proposition. Let ܣ be a small subset of a ଶܶ ܩ-space ܺ, then ܩ acts on ܩܣ
ݓ - properly.
Proof. First, we show ܬ(ݔ) = ∅ for every ݔ∈ ܩܣ. Suppose there are points
ݔ= ଵ݃ ଵܽ,ݕ = ଶ݃ ଶܽ ∈  ܩܣ such that ݕ ∈ ܬ(ݔ). Then there is a net ఈ݃ ఈܽ → ଵ݃ ଵܽ in
ܩܣ and a net ݐఈ → ∞ such that ݐఈ ఈ݃ ఈܽ → ଶ݃ ଶܽ. Take ܷ be a neighborhood of ଵܽ
in ܺ such that a set ((ܣ,ܷ)) has a quasi-compact closure. Since ଵ݃ିଵ ఈ݃ ఈܽ → ଵܽand
ఈܽ ∈ ܣ, thus ଵ݃ିଵ݃ఈ ∈ ((ܣ,ܷ)) which implies to there is a ݃ ∈ ܩ such that
ଵ݃
ିଵ
ఈ݃ → ݃ or ఈ݃ → ଵ݃݃. Similarly, there is a neighborhood ܸ of ଶܽ in ܺ such that((ܣ,ܸ)) has a quasi-compact closure. Then, we have ݃ଶିଵݐఈ݃ఈ ∈ ((ܣ,ܸ)) which
implies to there is a ݐ∈ ܩ such that ଶ݃ିଵݐఈ ఈ݃ → ݐor ݐఈ → ଶ݃݃ݐ ଵ݃ which is a
contradiction. Since ݔ,ݕ are arbitrary points in ܩܣ, therefore, ܬ(ݔ) = ∅ for every
ݔ∈ ܩܣ. It is obvious that ܩܣ is a subspace of ଶܶ space. Therefore, ܩܣ is a ଶܶ and
ݓ -proper ܩ-space.∎
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3.2.17 Proposition. [4] If ܣ is a small subset of a ܩ-space ܺ, then ̅ܣ is also small.
Moreover, if :݂ܺ → ܻ is a morphism (ܩ-map) of ܩ-spaces ܻ and ܺ, then ݂ିଵ(ܣ) is
a small subset of ܻ.
3.2.18 Proposition. Let ܺ be a ଶܶ ܩ-space and let ܵbe a strong subset of ܺ, then ܺ
is ݓ -proper.
Proof. From the proposition (3.2.16), ܩܵ= ܺ is a ݓ -proper.∎
3.2.19 Proposition. Let ܺ be a ଶܶ ܩ-space and ܣ be a closed small subset of ܺ,
then:
a) The restriction map ߩ of the action on ܩ × ܣ into ܺ is a proper map.
b) The restriction map ߮ of the orbit map on ܣ into ܺ ܩ⁄ is a proper map.
Proof. For (ࢇ), to show ߩ is a proper map, it suffices to show that its exceptional
set ܧఘ is empty. Suppose that there is a point ݔ∈ ܧఘ, then there is a net ( ఈ݃ , ఈܽ)  →
∞ in ܩ × ܣ such that ఈ݃ ఈܽ → ݔ. Since ܣ is small, there is a neighborhood ܷ௫ of ݔ
such that the set ((ܣ,ܷ௫)) has quasi-compact closure. ఈ݃ ఈܽ → ݔ ∈ ܷ௫, then there
is ߜ ∈ ܦ such that ఈ݃ ఈܽ  ∈ ܷ௫ for every ߙ ≥ ߜ that implies, since ఈܽ ∈ ܣ, to ఈ݃ ∈((ܣ,ܷ௫)) which has quasi compact closure, so there is ݃ ∈ ܩ ݏݑ ℎܿ ݐℎ ܽݐ݃ఈ → ݃
and then ఈ݃ିଵ → ݃ିଵand ఈ݃ିଵ( ఈ݃ ఈܽ) = ఈܽ →  ݃ିଵݔ ∈ ܣ, since ܣ is closed. We
have that ( ఈ݃ , ఈܽ)  → ( ,݃݃ିଵݔ) which is a contradiction and ܧఘ = ߶. Since ܺ is
ଶܶ, then ߩ is proper. To prove (࢈), first we show that ܩܣ is closed in ܺ. Take ݔ∈
ܩܣതതതത. Then there is a net ఈ݃ ఈܽ → ݔ and ఈ݃ ఈܽ ∈ ܩܣ. Since ܣ is small, there is a
neighborhood ܷ of ݔ in ܺ such that the set ((ܷ,ܣ)) has quasi-compact closure.
Since ݃ఈ ఈܽ ∈ ܷ for some ߙ ≥ ߜ and ఈ݃ିଵ( ఈ݃ ఈܽ) = ఈܽ. Thus, ఈ݃ିଵ ∈ ((ܷ,ܣ)) and
there is a ݃ ∈ ܩ such that ఈ݃ିଵ → ݃. Also, we get ఈܽ → ݃ିଵݔ∈ ܣ since ܣ is
closed. Therefore,݃(݃ିଵݔ) = ݔ∈ ܩܣ and ܩܣ is closed in ܺ. ܩܣ is ܩ- invariant
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and hence ܩܣ ܩ⁄ is closed in ܺ/ܩ. Now, suppose that ܵܧఝ ≠ ∅, that is, there is a
point ݔ෤in ܵܧఝ . Thus, there is a net ఈܽ in ܣ such that ఈܽ →  ݔ෤and ݈ܿݑ( )ܽ ∩
߮ିଵ(ݔ෤) = ∅ in A. Since ߮ିଵ(ݔ෤) = ((ܣ, {ݔ})) ݔwhich is closed since ܣ is closed
and quasi-compact since ܣ is small. X is ଶܶ, there is a neighborhood ܷ of ߮ିଵ(ݔ෤)
which does not meet ݈ܿݑ( ఈܽ) this implies to ఈܽ ↛ ݔ෤and a contradiction.
Therefore, ܵܧఝ = ∅.∎
࢝ -Action by locally quasi-compact groups
Our aim is to put the three kinds of proper actions in clear implications under
suitable conditions. Palais setting is reasonable, so we shall not go away form those
conditions. The following shows the analogous properties that are still true for our
forms of ݓ -actions and we need ܩ is a locally quasi-compact and ܺ is ଶܶ.
3.2.20 Lemma. Let ܩ be a topological group. Then
a) For every quasi-compact subset of ܩ its closure is still a quasi-compact,
b) if ܩ is a locally quasi compact and ܭ is a subset of ܩ, then ܭഥ is a quasi-
compact if and only if ܭ contained in a quasi-compact closed neighborhood.
Proof. The proof for (ࢇ), it is follows that if ܭ is a quasi-compact, then ܭഥ = { }݁തതതതܭ
[19] which is a quasi-compact, ݁ is the identity element in ܩ. For (࢈), it is obvious
that if ܭ ⊆ ܸ, where ܸ is closed quasi-compact neighborhood of ܭ, then ܭഥ ⊆ ܸ,
and then ܭഥ is quasi-compact. Conversely, if ܭ has quasi-compact closure, then for
every ݃ ∈ ܭഥ there is quasi-compact neighborhood ௚ܸ and hence by (ࢇ), there is a
quasi-compact ௚ܸതതത. So ܭഥ ⊆ ⋃௚∈௄ഥ തܸ௚೔, then there is a finite set ଵ݃, … , ௡݃ such
that ܭഥ ⊆∪௜ୀଵ௡ തܸ௚೔. Choose ܸ = ∪௜ୀଵ௡ തܸ௚೔. Then ܸ is a quasi-compact closed
neighborhood of ܭ.■
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3.2.21 Proposition. Let ܩ be a locally quasi- compact topological group acts
continuously on ܺ, and for every ݔ∈ ܺ the subspace ܩݔ is ଶܶ. Then the action of ܩ
on ܺ is ݓ -Cartan if and only if for every point ݔ∈ ܺ has a thin neighborhood.
Proof. Assume that the action is ݓ -Cartan. Since ݔ∉ ܬ(ݔ), then by proposition.
(2.4.6) there is a neighborhood ܷ of ݔ and a quasi-compact neighborhood ܸ of the
identity such that ((ܷ,ܷ))തതതതതതതതതതത⊆ തܸwhich is a quasi-compact, that is ݔ has a thin
neighborhood. The converse is obvious. ■ 
3.2.22 Example. Let ܩ = {1, −1} be a group with discrete topology and let ܺ be
the plane with a topology structure is identified by open sets ∅,ܺ,ܷଵ,ܷଶ where ܷଵ
is open upper half of the plane and ܷଶ is the open lower half of the plane. Then a
map ܩ × ܺ → ܺ is given by the formula ±1. (ݔ,ݕ) = (ݔ, ±ݕ) is an action. The
continuity of the map come from that the inverse image of ܷ௜, ݅= 1 or 2 is the set
൛{1} × ܷ௜ൟ∪ {−1} × ௝ܷ} which is open in ܩ × ܺ, where ݆= 1 if ݅= 2 and vice
versa. ܺ is not ଶܶ but every orbit is ଶܶ space of ܺ. Also, every point has a thin
neighborhood since ܩ is compact. ܺ is not Cartan ܩ-space in the sense of Palais
since ܷଵ is thin but ܩܷଵ = ܺ\ ܮ is not Palais proper, where ܮ is the set of points on
ݔ-axis. By proposition (3.2.21), ܺ is ݓ -Cartan.
3.2.23 Theorem. (࢝ -proper actions by locally quasi-compact groups) Let ܩ be
a locally quasi-compact group acts continuously on a ଶܶ topological space ܺ. Then
the action is:
i- ݓ -proper if and only if every pair of points of ܺ has relatively compact
neighborhoods.
ii- ݓ -Palais proper if and only if ܺ is regular and each point has small
neighborhood.
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iii-ݓ -strongly proper if and only if ܺ is paracompact and there is an open
strong subset of ܺ.
Proof. For ( )݅, assume that the second side in ( )݅ is satisfied. Suppose that there a
pair of points ݔ,ݕ ∈  ܺ such that ݕ ∈ ܬ(ݔ). Then there is a net ݔఈ → ݔ in ܺ and a
net ݃ఈ → ∞ in ܩ such that ఈ݃ݔఈ → ݕ. By the assumption, there are neighborhoods
ܷ,ܸ of ݔ,ݕ respectively, such that ((ܷ,ܸ)) has a quasi-compact closure. Also,
since ݔఈ → ݔ and ఈ݃ݔఈ → ݕ there is ߜ ∈ ܦ such that ݔఈ ∈ ܷ and ఈ݃ݔఈ ∈ ܸ or
݃ఈ ∈ ((ܷ,ܸ)) for every ߙ ≥ ߜ. The set ((ܷ,ܸ)) has a quasi-compact closure, so
there is ݃ ∈ ܩ and ݃ఈ → ݃ which is a contradiction. Thus, ܬ(ݔ) = ߶ for every ݔ∈
ܺ. The last result with our assumption that ܺ is ଶܶ implies to that the action is
Bourbaki proper. By proposition (3.2.11), ܺ is ݓ -proper. Conversely, assume the
action is ݓ -proper and again by proposition (3.2.11), that means ܬ(ݔ) = ∅ for
each ݔ∈ ܺ. Suppose that there is a pair of points ݔ,ݕ ∈ ܺ such that every pair of
neighborhoods ܷ௫ ܽ݊ ܷ݀௬ of ݔ,ݕ respectively, the set ((ܷ௫,ܷ௬)) has no a quasi-
compact closure. Since ܬ(ݔ) = ∅, then the set (({ݔ}, {ݕ})) is a quasi-compact. Let
ܸ be a quasi-compact neighborhood of the set (({ݔ}, {ݕ})) and then തܸ is still quasi-
compact by lemma (3.2.20). Then, by our hypothesis, ((ܷ௫,ܷ௬)) ⊈ തܸfor every
pair of neighborhoods of ݔ, and ݕ. We can construct a net ݔఈ → ݔ in ܺ and a net
ఈ݃ in ܩ such that ఈ݃ݔఈ → ݕܽ݊݀ ఈ݃ ∉ തܸ. Since ܬ(ݔ) = ∅, then ఈ݃ →
݃ for some ݃ ∈ ܩ. By the continuity of the action and ܺ is ଶܶ, then we have
ఈ݃ݔఈ → ݃ݔ= ݕ and ݃ ∈ (({ݔ}, {ݕ})) ⊆ ܸ and hence ఈ݃ ∈ ܸ ⊆ തܸwhich is a
contradiction. Therefore, the statement is true. For (݅݅), assume that the action is
ݓ -Palais proper. To show that every point in ܺ has small neighborhood,
take ݔ∈ ܺ. Since ܬ(ݔ) = ∅, ݔ has thin neighborhood, say ܷ௫, and then ܩܷ௫ is a
neighborhood of ܩݔ. By regularity of the orbit space, there is an invariant closed
neighborhood ܹ of ܩݔ in ܺ/ܩ such that ݔ∈ ܹ ⊆ ܩܷ௫. Put ܵ= ܷ௫ ∩ ܹ . We
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claim that the subset ܸ is a small neighborhood of ݔ in ܺ. If ݕ is an arbitrary point
in ܺ, then either ݕ ∈ ܩܷ௫ or ݕ ∈ ܺ ∖ ܩܷ௫. If ݕ ∈ ܩܷ௫, say ݕ ∈ ܷ݃௫ for some ݃ ∈
ܩ , then ܷ݃௫ is a neighborhood of ݕ and ((ܷ݃௫, )ܵ) ⊆ ((ܷ݃௫,ܷ௫)) where the
latter has a quasi-compact closure. If ݕ∈ ܺ ∖ ܩܷ௫, then ܺ ∖ ܹ is a neighborhoodof ݕand ൫(ܺ ∖ ܹ , )ܵ൯= ∅ . So, in either case ݕ has a neighborhood which is a
relatively thin to .ܵ Thus ܵ is a small neighborhood of ݔ. Since ݔ is an arbitrary
point in ܺ, every point in ܺ has small neighborhood. Now, pick a point ݔ∈ ܺ and
let ܵbe a small neighborhood of ݔ. Then the closure ܵ̅ is also small neighborhood
of ܺ. By proposition (3.2.19, b), the map ܵ̅→ ܺ ܩ⁄ is proper, so ܵ̅ is regular since
the inverse image of regular space is regular under proper map and the domain
space is ଶܶ. We have that every point in ܺ has a closed neighborhood which is
regular subspace of ܺ. Therefore, ܺ is regular [11, I, prop.13]. Conversely, if every
point has a small neighborhood then ܬ(ݔ) = ∅ for every ݔ∈ ܺ and hence every
point has a small closed neighborhood ܭ which is regular and admits a proper map,
by proposition (3.2.19, b), onto the orbit space ܺ ܩ⁄ . Therefore, ܺ ܩ⁄ is regular.
For (݅݅ )݅, the proof of the first part, we adapt it from Abel [4, prop.1.8]. Since ܺ is
ݓ -Palais proper, there is a closed small subset ܵof ܺ from part ݅݅. Now for every
ݔ∈ ܺ there is an open neighborhood ܷ௫ such that ܣ ∩ ܩܷ௫ ⊆ ܷ௫. The open cover
ߨ(ܷ௫), ݔ∈ ܺ has a locally finite open refinement { ௫ܸഀ} such that ௫ܸഀ ⊆ ߨ(ܷ௫ഀ).
Set ܹఈ = ܷ௫ഀ ∩ ߨିଵ( ௫ܸഀ). Then the family {ܹఈ} is a locally finite of small subsets
of ܺ. Then ܨ =∪ ܹఈ is an open small star subset of ܺ. Moreover, the product
ܩ × ܨ is a quasi-regular and a quasi-paracompact. By proposition (3.2.19, a), the
map ܩ × ܨ → ܺ is surjective proper, then ܺ is a quasi-paracompact. ܺ is ଶܶ and
hence ܺ is also paracompact. For the other side, assume that ܺ is paracompact and
ܨ is an open strong subset of ܺ, then a map ܨത→ ܺ ܩ⁄ is proper, proposition
(3.2.19, b). Since ܨതis paracompact, then ܺ ܩ⁄ is also paracompact. Being there is a
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strong subset of ܺ implies to every point in ܺ has a thin neighborhood proposition
(3.2.19), and hence ݔ ∉ ܬ(ݔ). Therefore, the action is strongly proper.∎
The following facts in [4] then become results following from theorem (3.2.23).
We sum them up in the following corollary.
3.2.24 Corollary. Let ܩ be a locally quasi-compact group acts continuously on ଶܶ
space ܺ and the action of ܩ is ݓ -Cartan proper. Then
a) If ܺ ܩ⁄ is a paracompact, ܺ has a strong set.
b) ܺ has a paracompact (closed) strong set if and only if ܺ ܩ⁄ is paracompact.
c) If ܺ ܩ⁄ is paracompact, then ܺ is paracompact.
3.2.25 Proposition. Let ܩ be a locally compact acting ݓ -strongly properly on a
metrizable space ܺ. Then then ܺ ܩ⁄ is metrizable.
Proof. It follows from proposition (3.2.19) and theorem (3.2.23, ݅݅ )݅ that there is a
strong (also closed) subset ܵof ܺ and there is a surjective proper mapping from ܵ
onto the orbit space ܺ ܩ⁄ . Metrizability is a proper map invariant.∎
3.3 Application
In this section, we show an application for limit sets, especially the weaker
forms of ݓ -actions in another topic that are related to the theory of ܩ-spaces. It is
well-known that if ܺ is a topological group and ܩ is a subgroup of ܺ, there is a
natural action of ܩ on ܺ is given by ݃ ∗ ݔ= ݔ∗ ݃ିଵ for every ݃ ∈ ܩ, and ݔ∈ ܺ.
In [5], the author has answered the following open problem:
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Let ܩ be a locally compact group. Then the orbit space ܺ/ܩ of any
paracompact proper ܩ-space ܺ is paracompact.
The author in that work has solved the above problem in a specific case, when a
space ܩ is a topological subgroup of ܺ. We shall show how our technique could be
a good way to describe the above problem. Before we take up the main proof of the
open problem, the following results can be established for an arbitrary case.
3.3.1 Proposition. Let ܩ be a topological subgroup of a group ܺ, and let ܩ act on
ܺ naturally. For ݔ ∈ ܺ, ݔ∉ ܬ(ݔ).
Proof. Suppose there is a point ݔ∈ ܺ ܽ݊݀ݔ∈ ܬ(ݔ). Then there are nets ఈ݃ →
∞ ݅݊ ܩ and ݔఈ → ݔ݅݊ ܺ such that ఈ݃ ∗ ݔఈ = ݔఈ . ఈ݃ିଵ → ݔ݅݊ ܺ. By continuity of
multiplication law of the group ܺ, then ݔఈିଵ → ݔିଵ ݅݊ ܺ and ఈ݃ିଵ =
ݔఈ
ିଵ(ݔఈ . ఈ݃ିଵ) →  ݔିଵ.ݔ= ݁݅݊ ܺ or ఈ݃ → ݁݅݊ ܺ and then in G which is a
contradiction. Since the point x is an arbitrary point in ܩ, we have ݔ∉ ܬ(ݔ) for
every point ݔ∈ ܺ. ∎
3.3.2 Remark. One can deduce that every natural action is ݓ -Cartan.
3.3.3 Proposition. The natural action of ܩ on ܺ is ݓ -Palais proper if and only if ܩ
is closed subgroup of ܺ.
Proof. If the action is ݓ -Palais proper, then the orbit space ܺ/ܩ is ଶܶ and this
equivalent to ܩ is closed. Conversely, if ܩ is a closed subgroup of ܺ, then ܺ/ܩ is
ଶܶ and hence it is also regular. By the proposition (3.3.1), we have ݔ∉ ܬ(ݔ) for
every point ݔ∈ ܺ. Therefore, the action is ݓ -Palais proper.∎
3.3.4 Remark. One can deduce that the natural action is also ݓ -proper when ܩ is
closed subgroup of ܺ.
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3.3.5 Proposition. Let ܺ be a Hausdorff topological group and ܩ be a closed
subgroup of ܺ, the natural action of ܩ on ܺ is Bourbaki proper.
Proof. This follows from remark (3.3.4) and proposition (3.2.11).∎
3.3.6 Proposition. Let ܪ be a subgroup of ܩ. Then the natural action, ݐ(݃ܪ) =
݃ݐ (ܪ), of ܩ on ܩ ܪ⁄ is a ݓ -Cartan if and only if ܪ is a quasi-compact subgroup of
ܩ.
Proof. Since the action of ܩ on ܩ/ܪ is transitive, then ߉(ݔ) = ܬ(ݔ) for every ݔ∈
ܩ ܪ⁄ . Thus, ܪ ∉ ߉(ܪ) implies that the stabilizer subgroup of ܪ ∈ ܩ ܪ⁄ under ܩ,
that is ܩு = {݃ ∈ ܩ:݃ܪ = ܪ} = ܪ is quasi-compact. Conversely, if ܪ is quasi-
compact, suppose that the action is not ݓ -Cartan. Then there is a point ݃ܪ in ܩ/ܪ
such that ݃ܪ ∉ ܬ(݃ܪ), then by proposition (2.4.6) there is a neighborhood ܷ௚ு of
݃ܪ in ܩ/ܪ and a quasi-compact neighborhood ܸ of the identity element in ܩ such
that (( ௚ܷு ,ܷ௚ு)) ⊆ ܸ. Then ݃ܪ ∈ ܬ(݃ܪ) implies that there is a net ఈ݃ → ∞ in ܩ
and a net ݐఈܪ → ݃ܪ in ܩ ܪ⁄ such that ݃ఈݐఈܪ → ݃ܪ . Thus, ఈ݃ ∈ (( ܷ௚ு ,ܷ௚ு)) ⊆
ܸ which means the net ఈ݃ must have convergent subnet which is a contradiction.∎
3.3.7 Remark.
1. If ܺ is a Hausdorff topological group and ܩ is a locally compact subgroup of
ܺ, then the natural action of ܩ on ܺ has Palais setting because ܺ is
completely regular ( ଶܶ included) and ܩ is a locally compact group.
2. Corollary (3.3.8) provides an argument for theorem (1.1) in [5].
3.3.8 Corollary. If ܺ is a ଶܶ topological group and ܩ is a locally compact
subgroup of ܺ, the natural action of ܩ on ܺ is Palais proper.
Proof. It follows from remark (3.3.7, 1), proposition (3.3.3), and proposition
(3.2.12).∎
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Now let us give a sketch for the proof of the suggested open problem using our
notions. Under assumptions of theorem (3.2.23, ݅݅ )݅, we have that if ܺ is
paracompact and it has an open strong subset, then it is equivalent to the action
being ݓ -strongly proper. That is, ܺ is ݓ -Cartan and the orbit space is paracompact.
Therefore, under the open problem assumption, the orbit space is paracompact if
and only if ܺ has closed strong subset. The last claim always holds for a locally
compact subgroup ܩ of ଶܶ group ܺ acting naturally on ܺ [5, Th., 1.2]. We can
summarize the above discussion by the following proposition.
3.3.9 Proposition. Let ܩ be a locally compact subgroup of ଶܶ group ܺ, and let ܩ
act naturally on ܺ. Then ܺ is paracompact if and only if the action is ݓ -strongly
proper.
Proof. It follows from theorem (3.2.23, ݅݅ )݅ and the above proof sketch.∎
Finally, it is also interesting to refer in this stage to the advantage of the existence
of a closed strong subset ܣ of ܩ-space ܺ. Proposition (3.2.19, )ܾ admits a
surjective proper map ܣ → ܺ ܩ⁄ . Moreover, it is well-known that proper mapping
and its inverse could be preserve many topological properties such as, for example,
compactness, para-compactness, metrizability, and so on. In the following, we state
more general result that it holds whenever a ܩ-space has a strong subset.
3.3.10 Proposition. Let ܲ be a topological property preserved under proper maps
and inherited by closed subsets. Assume that ܺ is a topological group with the
property ܲ and let ܩ be a locally compact subgroup of ܺ. Then the orbit space ܺ/ܩ
of the natural action also has the property ܲ.
Proof. It follows from the fact that the natural action has closed strong set and
proposition (3.2.19, )ܾ.∎
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Chapter Four
Convergence Techniques for Slices
The existence of slices in ܩ-spaces has the advantage that it supports additional
theorems in transformation group action theory. For example, the Conjugacy
Theorem due to Montgomery, the Equivariant Embedding Theorem [27, 28, 29],
and some other notions. In this Chapter, we discuss a slice theorem in the theory of
ܩ-spaces, especially the enough slice notion that has been presented by Biller in
[8]. The convergence technique is used to verify the notion of enough slice with
weaker forms of ݓ -actions. We show that if ܩ is an arbitrary locally compact
group acting on a completely regular ܩ-space ܺ , then the existence of enough slice
at each point is equivalent to ܺ being ݓ -Cartan. Moreover, Biller in [9] has defined
an ܪ-slice where ܪ is a closed subgroup of an arbitrary locally compact group
acting on a completely regular space. Also, the author gives a characterization for
the existence ܪ-slice without assumption of Lie group on ܩ. In the first section, we
give helpful motivation for slice in an arbitrary ܩ-space.
Motivation for slices
Let ܩ be a topological group and ܪ be a subgroup of ܩ and ܣ be a ܪ-space.
Then a twisted product of a fiber ܣ is the orbit space ܩ ×ு ܣ of an ܪ-action ߠ on
the space ܩ × ܣ given by ℎ( ,݃ )ܽ = (݃ℎିଵ, ℎ )ܽ. The ܪ-orbits are denoted by
ܪ( ,݃ )ܽ or [݃, ]ܽ, and the canonical quotient map is denoted by ݍ:ܩ × ܣ →
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ܩ ൈு ܣ is given by (݃ǡܽ ) ↦ [݃ǡܽ ]. It is clear that ݍ is an open map. The orbit
space may be considered as a ܩ-space and takes the form ݃[ ଵ݃ǡܽ ] ൌ ሾ݃ ଵ݃ǡܽ ሿ.
Then ݍmay be considered as ܪ-map. Take ܵൌ ݍሺ݁ ǡܣሻ. Then ܵ satisfies the
following natural three properties [21].
1. ሺሺܵ ǡܵ ሻሻൌ ܪ .
2. ܵ is an ܪ- invariant.
3. The map ܩ ൈ ܵ ՜ ܩ ൈு ܣ, given by (݃ǡݏ) ՜ ݃ݏ, is open.
Let us now call ܵ an ܪ-slice in ܩ ൈு ܣ. On the other hand, a natural question may
arise concerning the conditions under which an arbitrary ܩ-space ܺ can be written
as ܩ ൈு ܣ where ܣ is an arbitrary ܪ-space. In this case, one may construct, in a
natural way, an ܪ-slice ܵ in ܺ. Let ܺ be a ܩ-space and ܣ is a subset of ܺ such that
ሺሺܣǡܣሻሻܣ ൌ ܣ, then ሺሺܣǡܣሻሻis a subgroup of ܩ, say ܪ . Also, we can easy
construct the twisted product ܩ ൈு ܣ with fiber ܣ and a quotient map ݍǣܩ ൈ ܣ ՜
ܩ ൈு ܣ. Also, one can consider a map ܩ ൈ ܣ ՜ ܺ is given by ሺ݃ ǡܽ ሻ฽ ݃ܽwhich
is a restriction of the ܩ-action on ܩ ൈ ܣ and it is always considered as an ܪ-map.
Moreover, we can construct a map from the two previous maps, say ǣ߬ܩ ൈு ܣ ՜ ܺ
given as [݃ǡܽ ] ՜ ݃ ,ܽ which is always injection, that makes the following diagram
is commutative.
According to our aim, if the map ܩ ൈ ܣ ՜ ܺ is an open (or closed), then the map ߬
is an embedding onto an open subspace of ܺ. Since the diagram commutes, we
ܩ × ܣ → ܺ
q ߬
ܩ ×ு ܣ
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have that ܩ ×ு ܣ ≅ ܩܣ ⊆ ܺ. In this case the subset ܵ= (߬ݍ( ,݁ܣ)) ⊆ ܩܣ is an ܪ-
slice in ܩܣ which is open in ܺ, and so ܵ is also an ܪ-slice in ܺ. On the other hand,
suppose there is a ܩ-map :݂ܺ → ܩ ܪ⁄ of ܩ-spaces ܺ and ܩ ܪ⁄ . Take ܵ= ݂ିଵ(ܪ).
Then ܵ is an ܪ-space and the twisted product ܩ ×ு ܵwith fiber ܵexists. By the
same procedure, and because the map ,߬ in this case, is even onto (since ݂ is a ܩ-
map), then it is a homeomorphism onto ܺ whenever the map ܩ × ܵ→ ܺ is open or
closed and so we have ܵ is an ܪ-slice in ܺ and ܺ ≅ ܩܵ≅ ܩ ×ு .ܵ
4.1 Slices
There are several definitions for the slice notion in the ܩ-space theory, and here
we recall the most well-known ones. In general, they are not equivalent, but if ܩ is
a locally compact group acting on ଶܶ space, then they coincide.
4.1.1 Definition. (Slice in Palais Sense). Let ܩ be a locally compact group acting
on a completely regular space ܺ and let ܪ be a closed subgroup of ܩ. A subset ܵof
ܺ is said to be an ܪ-slice provided that ܩܵ is open in ܺ and there is ܩ-map:݂ܩܵ→ ܩ ܪ⁄ such that ݂ିଵ(ܪ) = .ܵ By a slice at ݔwe mean a ܩ௫-slice in ܺ
which contains ݔ.
4.1.2 Proposition. [29] Let ܺ be a ܩ-space and let ܪ be a closed subgroup of ܩ.
Then the following are equivalent:
a) ܪ is compact and ܵ is an ܪ-slice in ܺ.
b) ܵhas the following properties:
1. ܵ is closed in ܩ ,ܵ and ܩܵopen in ܺ,
2. ܵ is ܪ-invariant,
3. (( ,ܵ )ܵ) = ܪ ,
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4. ܵhas a thin neighborhood in ܩ .ܵ
4.1.3 Theorem. (Palais Slice Theorem). Let ܩ be a Lie group. If ܺ is a Cartan
ܩ-space (in the sense of Palais), then there exists a slice at each ݔ in ܺ.
4.1.4 Lemma. [9] Let ܩ be a locally compact group acting on a Hausdorff space X
and let ܪ be a closed subgroup of ܩ. We call a nonempty subset  ܵ ⊆  ܺ an ܪ-slice
in ܺ for the action of ܩ if any one of the following equivalent conditions is
satisfied:
1. There is a ܩ-invariant open subset ܷ ⊆  ܺ that admits a ܩ-equivariant map
߮:ܷ → ܩ ܪ⁄ such that ܵ= ߮ିଵ(ܪ). (Note that ܷ = ܩ ,ܵ and ߮ is
determined uniquely by ܵbecause ߮(݃ݏ) = ݃߮(ݏ)).
2. There is an ܪ-space ܣ and a ܩ-equivariant open embedding ߰:ܩ ×ு ܣ → ܺ
such that ߰([ ,݁ܣ]) = .ܵ
3. The subset ܵ is invariant under ܪ , the subset ܩܵ⊆ ܺ is open, and:߯ܩ ×ு ܵ→ ܩܵ is given by [ ,݃ݏ] → ݃ݏis a homeomorphism.
Before taking up the enough slice notion [8], we shall review some natural
properties of twisted product.
4.1.5 Proposition. The action ܪ on ܩ × ܣ is free and the map ߠ is proper
whenever ܪ is quasi-compact.
Proof. Take ℎ ∈ ܪ , ܽ݊ ݀ ( ,݃ )ܽ ∈ ܩ × ܣ and let ℎ( ,݃ )ܽ = ( ,݃ )ܽ. Then(݃ℎିଵ, ℎ )ܽ = ( ,݃ )ܽ which implies to ݃ℎିଵ = ݃ and hence ℎ = .݁ Assume ܪ is
quasi-compact. Suppose that there is a point ( ,݃ )ܽ ∈ ܵܧఏ. Then there is a net
(ℎఈ , ( ఈ݃ , ఈܽ)) in ܪ × (ܩ × ܣ) such that ( ఈ݃ℎఈିଵ, ℎఈ ఈܽ) → ( ,݃ )ܽ. Since ܪ is a
quasi-compact, then ℎఈ → ℎ for some ℎ, and so ఈ݃ → ݃ℎ and ఈܽ → ℎିଵ .ܽ Since
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ℎ(݃ℎ, ℎିଵ )ܽ = ( ,݃ )ܽ, then (݃ℎ, ℎିଵ )ܽ ∈ ߠିଵ( ,݃ )ܽ ∩ ݈ܿݏቀ൫ℎఈ , ( ఈ݃ , ఈܽ)൯ቁ= ∅
which is a contradiction. Therefore, ܵܧఏ = ∅ and ߠ is proper.∎
4.1.6 Corollary: The map ߠ is closed.∎
4.1.7 Proposition. Let ܩ be a topological group and ܪ be a closed subgroup of ܩ.
Then for every ܪ-space ܣ the action of ܪ on ܩ × ܣ is ݓ -Cartan. Moreover, if ܩ
and ܣ are ଶܶ, then the action is also ݓ -proper ( ܩ ×ு ܣ is Hausdorff).
Proof. We shall prove that ܬ( ,݃ )ܽ = ∅ for every ( ,݃ )ܽ. Suppose that ( ଵ݃, ଵܽ) ∈
ܬ(݃, )ܽ for some ( ଵ݃, ଵܽ) ∈ ܩ × ܣ. Then there are nets ℎఈ → ∞ in ܪ and( ఈ݃ , ఈܽ) → ( ,݃ )ܽ such that ( ఈ݃ℎఈିଵ, ℎఈ ఈܽ) → ( ଵ݃, ଵܽ). Then ఈ݃ℎఈିଵ →
ଵ݃ and ℎఈ
ିଵ → ݃ିଵ ଵ݃ . Since ܪ is a closed, we have a contradiction. Therefore,
ܬ(݃, )ܽ = ∅ . If ܩ × ܣ is ଶܶ, then ߠ is ݓ -proper.∎
4.1.8 Proposition. Let ܭ be a quasi-compact subset of ଶܶ topological group ܩ, and
ܪ be a closed subgroup of ܩ. Then for a ଶܶ ܪ-space ܣ, the restriction of quotient
map ݍ:ܭ × ܣ → ܩ ×ு ܣ is proper.
Proof. To show that ܧ௤ = ∅, suppose that there is a point [ ,݃ ]ܽ ∈ ܧ௤. Then there
is a net ( ఈ݇ , ఈܽ) → ∞ in ܭ × ܣ such that [ ఈ݇ , ఈܽ] → [ ,݃ ]ܽ. We have ఈ݇ →  ݃ ∧
ఈܽ → ܽwhich contradicts our assumption. Therefore, ܧ௤ = ∅. Since ܭ × ܣ is ଶܶ, ݍ
is proper.∎
4.1.9 Corollary. The map ܣ → [ ,݁ܣ] is a ܩ- map and an embedding from ܣ into
the orbit space ܩ ×ு ܣ.
Proof: It is a restriction of the quotient map ݍ on { }݁ × ܣ which is proper (closed)
by proposition (4.1.8).∎
4.1.10 Remark.
Convergence Techniques for Slices
65
1. Since ܩ ×ு ܵ is considered a ܩ-space by the formula ݃[݃ᇱ,ݏ] = [݃݃ᇱ,ݏ],
then every ܩ- orbit [݃,ݏ] can be written as ܩ[ ,݁ݏ] where ݁ is the identity
element.
2. If ݏ∈ ܵܽ݊ ݀݃ ∈ ܩ, then ܩ[௚,௦] = ܪ௦. If ݃ ∈ ܩ[௘,௦] and ݃[ ,݁ݏ] = [ ,݁ݏ], then[݃ ,݁ݏ] = [ ,݃ݏ] = [ ,݁ݏ] this implies to that there exists an ℎ ∈ ܪ such that
݃ = ℎ݁ିଵ ܽ݊  ݀ℎݏ= ݏ. Thus ݃ = ℎ ܽ݊ ݀ ݃ ∈ ܪ௦. On the other hand, if ℎ ∈
ܪ௦, then ℎ[ ,݁ݏ] = [ℎ,ݏ] = [ℎℎିଵ, ℎݏ] = [ ,݁ݏ]. Therefore, ܩ[௚,௦] = ܪ௦.∎
3. If ଵ݃, ଶ݃ ∈ ܩ and ݏଵ,ݏଶ ∈ ,ܵ then the set ൫([ ଵ݃,ݏଵ], [ ଶ݃,ݏଶ])൯=
ଶ݃(({ݏଵ}, {ݏଶ}))ு ଵ݃ିଵ. Take ݃ ∈ ൫([ ଵ݃,ݏଵ], [ ଶ݃,ݏଶ])൯, then [݃ ଵ݃,ݏଵ] =[ ଶ݃,ݏଶ]. By the definition of action, there is an ℎ ∈ ܪ such that ݃ ଵ݃ℎିଵ =
ଶ݃ ܽ݊  ݀ℎݏଵ = ݏଶ. Thus, ℎ ∈ (({ݏଵ}, {ݏଶ}))ு and ݃ = ݃ଶℎ ଵ݃ିଵ ∈
ଶ݃(({ݏଵ}, {ݏଶ}))ு ଵ݃ିଵ. Conversely; if ݃ ∈ ଶ݃(({ݏଵ}, {ݏଶ}))ு ଵ݃ିଵ, then ݃ =
ଶ݃ℎ ଵ݃
ିଵ for some ℎ ∈ (({ݏଵ}, {ݏଶ}))ு . Since ℎݏଵ = ݏଶ, then we have
݃( ଵ݃ℎିଵ) = ݃ଶ or (݃ ଵ݃)ℎିଵ = ଶ݃. Therefore, [݃ ଵ݃,ݏଵ] = ݃[ ଵ݃,ݏଵ] =[ ଶ݃,ݏଶ] and ݃ ∈ ൫([ ଵ݃,ݏଵ], [ ଶ݃,ݏଶ])൯.∎
4.2 Slice in -Actions
In this section, we shall follow the definition of Biller for slice. However, we
will not consider separation axiom properties on ܩ and ܺ.
4.2.1 Definition. Let ܩ be a topological group that acts continuously on a space ܺ
and let ܪ be a closed subgroup of ܩ. An ܪ-slice in ܺ for the action of ܩ is an ܪ-
invariant subset ܵ⊆ ܺ such that the continuous ܩ-invariant map ܩ ×ு ܵ→ ܺ
which is given by [ ,݃ݏ] ↦ ݃ݏis an open embedding. Moreover, the action said to
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be having enough slice if for each point ݔ∈ ܺ, there is a closed quasi-compact
subgroup ܭ of ܩ such that ݔ is contained in a ܭ-slice.
4.2.2 Remark. Taking the definition (4.2.1), it is obvious that ܩܵ is open in ܺ.
Consider a map ܩܵ→ ܩ ܪ⁄ which takes ݃ݏ⟼ ݃ܪ . It is well-defined since if
ଵ݃ݏଵ = ଶ݃ݏଶ, then ݃ଶିଵ ଵ݃ݏଵ = ݏଶ and because ܵ is only invariant under ܪ , then
ଶ݃
ିଵ
ଵ݃ ∈ ܪ and ଵ݃ܪ = ଶ݃ܪ . It is clear the map is an equivariant and a surjection.
Its continuity comes from the continuity of the map ܩ ×ு ܵ→ ܩ ܪ⁄ and the
openness and surjection of the map ܩ ×ு ܵ→ ܩ .ܵ We have that the definition
(4.2.1) implies the Palais’ (definition 4.1.1). Therefore, in the Palais setting the two
definitions are equivalent (lemma 4.1.4).
The following result comes already from our sense of ݓ -Cartan action.
4.2.3 Proposition. If ܩ is a topological group and ܵ is an ܪ-space where ܪ is a
subgroup of ܩ, then the action of ܩ on ܩ ×ு ܵ is ݓ -Cartan if and only if the action
of ܪ on ܵ is ݓ -Cartan.
Proof: Assume that ܵ is a Cartan ܪ-space. Suppose there is ݏ∈ ܵand  ݃ ∈  ܩ such
that [݃,ݏ] ∈ ܬ([݃,ݏ]). Then then there is a net ఈ݃ᇱ → ∞ in ܩ and [݃ఈ ,ݏఈ] → [ ,݃ݏ]
such that ఈ݃ᇱ[ ఈ݃ ,ݏఈ] = [ ఈ݃ᇱ ఈ݃ ,ݏఈ] → [݃,ݏ]. This implies that ఈ݃  → ݃ and
ఈ݃
ᇱ
ఈ݃ → ݃ and ݏఈ → ݏ. By the definition of the twisted product, let ℎఈ ∈ ܪ be a
net in ܪ such that ఈ݃ᇱ ఈ݃ℎఈିଵ → ݃ܽ݊  ݀ℎఈݏఈ.→ ݏ. Since ݏ∉ ܬ(ݏ), then we have
ℎఈ → ℎ ∈ ܪ . Thus ఈ݃ᇱ → ݃ℎ݃ିଵ ∈ ܩ which is a contradiction. Conversely,
suppose that there is a point ݏ∈ ܵsuch that ݏ∈ ܬ(ݏ). Then there is a net ℎఈ → ∞
in ܪ and a net ݏఈ → ݏin ܵwith ℎఈݏఈ → ݏ. Since the map ܩ × ܵ→ ܩ ×ு ܵ is
continuous and ( ,݁ ℎఈݏఈ) is a net in ܩ × ܵ converges to ( ,݁ݏ), then [ℎఈ ,ݏఈ] =
ℎఈ[ ,݁ݏఈ] = [ ,݁ ℎఈݏఈ] → [ ,݁ݏ] in ܩ ×ு ܵ this means that [ ,݁ݏ] ∈ ܬ([ ,݁ݏ]) which
contradicts that ܩ ×ு ܵ is ݓ -Cartan. Therefore, the proposition is true.∎
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4.2.4 Proposition. Let ܩ be a topological group, and ܪ be a closed subgroup of ܩ
which acts on ܪ . Then there is a homeomorphism ̅ߤ from ܵ ܪ → (ܩ ×ு )ܵ ܩ⁄⁄ .
Proof. It follows from the composition of induced maps from composition maps ߤ
such that the following diagram is commutative,
ߤ:ܪ ×  ܵ              → ܩ ×  ܵ → ܩ ×ு ܵ
↓ ↓ ↓
ߤ:ഥ ܵ ܪ ≅⁄ ܪ ×ு ܵ→ ܩ ×ு ܵ→ (ܩ ×ு )ܵ/ܩ
and is determined by the maps (ℎ,ݏ) → (ℎ,ݏ) → [ ,݁ݏ], and then ̅ߤ(ܪݏ) = ܩ[ ,݁ݏ]
which is a continuous bijection. To show ̅ߤ is open, take ܷ /ܵܪ and open /ܵܪ , then
its image under ̅ߤ is exactly the image of the subset ܩ × ܷ under ݍ∘ ߤwhich is
open where ݍ is the canonical quotient map.∎
4.2.5 Corollary. If ܩ is a topological group and ܵ is an ܪ-space where ܪ is a
subgroup of ܩ. Then the action of ܩ on ܩ ×ு ܵ is ݓ -proper ( ݓ -strongly proper) if
and only if the action of ܪ on ܵ is ݓ -proper (ݓ -strongly proper).
Proof. It follows immediately from the previous proposition.∎
4.2.6 Proposition. If ܺ is a ଶܶ ܩ-space and ܺ has enough slice, then ܺ is ݓ -Cartan.
Proof. Assume that the action has enough slice. To show that for every point ݔ∈
ܺ the condition ݔ∉ ܬ(ݔ), pick a point ݔ∈ ܺ. Then there is a closed quasi-compact
subgroup ܪ such that ݔ contained in ܪ-slice ܵ⊆ ܺ. That is, the map ߩ:ܩ ×ு ܵ↦
ܺ is an open embedding. Since ܪ is quasi-compact and ܵ is an ܪ-space, then the
action of ܪ on ܵ is ݓ -Cartan, that is ݔ∉ ܬ(ݔ) with respect to this ܪ-space .ܵ By
proposition (4.2.3). the ܩ-action on ܩ ×ு ܵ is ݓ -Cartan. Since the map ߩ ∶[ ,݃ݏ] → ݃ݏis an open embedding, then ݃ݔ∉ ܬ(݃ݔ) and hence ݔ∉ ܬ(ݔ) in the ܩ-
space ܩܵwhich is an open subset of ܺ. Therefore, ݔ∉ ܬ(ݔ) in the ܩ-space ܺ and
the action of ܩ on ܺ is ݓ -Cartan.∎
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4.2.7 Remark. For the slice theorem in the Palais setting we know that ݓ -notions
and Palais’ notions coincide. We may also then give the inverse of the other
direction of the above proposition, but we need the following facts.
4.2.8 Definition. A locally quasi-compact group is called almost connected
provided that the orbit space ܩ ܩ∘⁄ is quasi-compact (and hence compact since
every totally disconnected topological group is ଶܶ).
4.2.9 Lemma 1. If ܩ is locally quasi-compact, and ܪ is a closed subgroup of ܩ,
then ܪ is locally quasi-compact and the orbit space ܩ ܪ⁄ is locally compact.
Proof. It is obvious.∎
4.2.10 Lemma. [23] If ܩ is locally quasi-compact, then ܩ ܩ∘⁄ contains arbitrarily
small compact open subgroups and corresponding to these groups, ܩ contains open
subgroups ܩˊ such that ܩˊ ܩ∘⁄ is compact.
4.2.11 Remark. According to lemma 2, every locally compact group contains an
arbitrary open subgroup which is almost connected.
4.2.12 Lemma. [15] If the component ܩ∘ of the identity element of a locally
compact group has a compact factor group ܩ ܩ∘⁄ , then every neighborhood of the
identity of ܩ contains a compact normal subgroup ܰ such that ܩ ܰ⁄ is a Lie group.
4.2.13 Lemma. [9] Let ܩ be a locally compact group acting properly on a
completely regular space ܺ. If ݔ∈ ܺ and ܰ is a compact normal subgroup of ܩ
such that ܩ ܰ⁄ is a Lie group, then ݔ is contained in a ܩ௫ܰ-slice for the action of ܩ
on ܺ.
4.2.14 Theorem. An action of a locally compact group ܭ on a completely regular
space ܺ has enough slice if and only if it is ݓ -Cartan.
Proof. The first direction of the proof comes immediately from the proposition
(4.2.6). Assume that an action of a locally compact group ܭ on ܺ is ݓ -Cartan.
Since ܭ is a locally compact, then ܭ contains an arbitrary open almost connected
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subgroup ܭ ˊ by lemma (4.2.10) such that ܩ = ܭ ´ ܩ∘⁄ is compact. By lemma
(4.2.12), every neighborhood of the identity element ݁ in ܭ ˊcontains a compact
normal subgroup ܰ such that ܭ ˊ ܰ⁄ is a Lie group. Since ܺ is a ݓ -Cartan ܩ-space,
every point ݔ∈ ܺ has a thin (open) neighborhood ܷ on which ܩ acts ݓ -Palais
proper. Then by lemma (4.2.13), ݔ contained in ܭ௫ˊܰ-slice ܵwith respect to the
action of ܩ on ܺ.∎
According to our aim, namely putting the three actions in clear arrangement, we
return to Baum-Connes-Higson proper, definition (3.1.1). We shall show the latter
proper is just strongly proper under its assumption. The three conditions of the
definition (3.1.1) are equivalent to that ܺ is ݓ -Cartan.
4.2.15 Proposition. Under the assumption of the definition (3.1.1), the three
conditions of the definition are equivalent to that ܺ is ݓ -Cartan.
Proof. Assume the three conditions of the definition (3.1.1) are satisfied. By
proposition (3.2.11), it suffices to show every point has a thin neighborhood. Take
a point ݔ∈ ܺ, there is a triple (ܷ,ܪ ,ߩ) such that the three conditions are satisfied.
Put ܵ= ߩିଵ(ܪ), and ߩ(݃ିଵݔ) = ܪ for some ݃ ∈ ܩ. Then ܵ is an ܪ-invariant
closed subset of ܷ. Since ܩ is a locally compact and ܪ is compact, then there is a
compact neighborhood തܸof ܪ in ܩ ܪ⁄ . Let ܹ =∪ {̅ݒ: ̅ݒ∈ തܸ}. Then ܹ is a
compact neighborhood ܪ in ܩ. ܸ = ߩିଵ( തܸ) is a neighborhood of ܵ in ܷ. It is easy
to see that ݃ିଵݔ∈ ܵ⊆ ܸ and ((ܸ,ܸ)) = ܹ , that is ݃ିଵݔhas a thin neighborhood
ܸ in ܷ that is equivalently ݔ has a thin neighborhood ܸ݃ in ܷ and hence it is open
in ܺ. Therefore, ܺ is ݓ -Cartan. Conversely, by theorem (4.2.14) if ݔ∈ ܺ, then ݔ
is contained in ܪ-slice, say .ܵ Put (ܩ ,ܵܪ ,ߩ) where ߩ(݃ݒ) = ݃ܪ for every ݃ ∈ ܩ
and ݒ∈ ܸ. The triple (ܩ ,ܵܪ ,ߩ) satisfies the three conditions of the definition
(3.1.1).∎
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4.2.16 Corollary. Let ܩ be a locally compact and second countable ( ଶܶ included)
and let ܩ act continuously on a metrizable space ܺ. Then the following are
equivalent.
1. ܺ is a ݓ -strongly proper ܩ-space.
2. ܺ is a ܤ -ܽܥ݋-ܪ݅proper ܩ- space.
Proof. (2 → 1) follows from proposition (4.2.15), ܺ is paracompact and hence
ܺ ܩ⁄ is as well. For (1 → 2), it is immediately implied by proposition (4.2.15).∎
4.2 17 Remark. Palais has presented many results using the slice theorem. Here
we also confirm some of the results in the context of an arbitrary locally compact
(non-necessary Lie) group.
4.2.18 Corollary. Let ܵbe ܪ-slice at a point ݔ in ܺ. Then there is a neighborhood
ܸ of ݔ such that ݕ ∈ ܸ implies ܩ௬ is conjugate in ܩ to a subgroup of ܪ . Moreover
if ܱ is any neighborhood of ݁∈ ܩ, then ܸ can be chosen so that in fact for
each ݕ∈  ܸ we have ܩ௬ ⊆ ݃ܪ݃ିଵ for some ݃ ∈ ܱ.
Proof. Take ݔ∈ ܺ and ܵbe a ܪ-slice containing ݔ. Then there is a ܩ-map :݂ܩܵ→
ܩ ܪ⁄ . Take an open neighborhood of the identity element ݁ in ܩ, say ܰ . Put ܷ =
݂ିଵ(ܰܪ ܪ)⁄ , then ܷ is an open neighborhood of ݔ in ܩܵand hence in ܺ. For
every ݑ = ݊ℎ in ܷ, then we have ܩ௨ ⊆ ܩ௙(௨) = ܩ௡ு = ݊ܪ݊ିଵ.∎
4.2.19 Corollary. Let ܵbe an ܪ-slice at a point ݔ in ܺ. If ܭ is any closed subgroup
of ܩ which includes ܪ , then ܭܵ is a ܭ-slice in ܺ containing ݔ.
Proof. Let :݂ܩ ×ு ܵ→ ܩ ܪ⁄ be the ܩ-map that associated with the ܪ-slice .ܵ
Since ܪ < ܩ, there is a canonical map ݃:ܩ ܪ⁄ → ܩ ܭ⁄ given by ݃ܪ → ݃ܭ. The
composition of the two is a map ܩ ×ு ܵ→ ܩ ܭ⁄ . Since ܩ ×௄ (ܭ ×ு )ܵ ≅ ܩ ×ு ܵ
and (ܭ ×ு )ܵ ≅ ܭܵ since ܵ is ܪ-slice under the subgroup ܭ. Therefore, the
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composition is the ܩ-map ܩ ×௄ ܭܵ→ ܩ ܭ⁄ and hence ܭܵ is ܭ-slice containing
ݔ.∎
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